MULTISCALE ANALYSIS OF 1-RECTIFTIABLE MEASURES II:

CHARACTERIZATIONS
MATTHEW BADGER AND RAANAN SCHUL

ABSTRACT. A measure is 1-rectifiable if there is a countable union of finite length curves
whose complement has zero measure. We characterize 1-rectifiable Radon measures p in
n-dimensional Euclidean space for all n > 2 in terms of positivity of the lower density
and finiteness of a geometric square function, which loosely speaking, records in an L2
gauge the extent to which p admits approximate tangent lines, or has rapidly growing
density ratios, along its support. In contrast with the classical theorems of Besicovitch,
Morse and Randolph, and Moore, we do not assume an a priori relationship between
i and 1-dimensional Hausdorff measure H!. We also characterize purely 1-unrectifiable
Radon measures, i.e. locally finite measures that give measure zero to every finite length
curve. Characterizations of this form were originally conjectured to exist by P. Jones.
Along the way, we develop an L? variant of P. Jones’ traveling salesman construction,
which is of independent interest.
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1. INTRODUCTION

A fundamental concept in geometric measure theory is a general notion of rectifiability
of a set or a measure, which generalizes the classical notion of rectifiability of a curve.
For sets, this notion of rectifiability is due to A.S. Besicovitch [Bes28]. For measures,
this notion of rectifiability is due to A.P. Morse and J. Randolph [MR44] and H. Federer
[Fed47, Fed69] (see Definition 1.1 below). Rectifiability has been extensively studied for
sets and also for measures p that satisfy an additional regularity assumption, which is
often expressed in terms of finiteness p-almost everywhere of the upper Hausdorff density
Em(,u, -) of the measure. This assumption is equivalent to an a priori relationship between
the null sets of the measure p and null sets of the m-dimensional Hausdorff measure H™,
more specifically that p vanishes on every set of H™ measure zero. One reason that this
regularity assumption is often imposed it that it allows one to replace the class of Lipschitz
images of bounded subsets of R™ appearing in Federer’s definition of rectifiability of a
measure with bi-Lipschitz images or Lipschitz graphs or C* graphs without changing the
class of rectifiable measures. For arbitrary (or doubling) Radon measures, however, it is
known by an example of Garnett, Killip, and Schul [GKS10] that the class of measures that
are rectifiable with respect to Lipschitz images is strictly larger than the class of measures
that are rectifiable with respect to bi-Lipschitz images. While (countable) rectifiability of
a set or a measure is an inherently qualitative property, a quantitative counterpart of the
theory of rectifiability was developed in the early 1990s by P. Jones [Jon90] and by G.
David and S. Semmes [DS91, DS93]. One goal of theses investigations was to study the
connection between rectifiability and singular integral operators. In David and Semmes’
theory of uniformly rectifiable sets and measures, it is essential that the measures involved
are Ahlfors regular, a strong form of regularity of a measure.

The work in this paper addresses studying Federer’s definition of rectifiability without
imposing the standing regularity hypotheses of past investigations. We repurpose tools
from the Jones-David-Semmes theory of quantitative rectifiability to characterize Federer
1-rectifiable measures using snapshots of a measure (beta numbers) at multiple scales.
Moreover, we identify the 1-rectifiable and purely 1-unrectifiable parts of an arbitrary
Radon measure g in R™ in terms of the pointwise behavior of the lower Hausdorff density
D*(pt, v) and a weighted geometric square function Jy (11, ), which records in an L? gauge
the extent to which p admits approximate tangent lines or has rapidly growing density
ratios along its support. For the precise statement of these main results, see §2. The
central reason we restrict ourselves to m-rectifiability with m = 1 is the special role that
connectedness has for one-dimensional sets: every closed, connected set in R™ of finite
H! measure is a Lipschitz image of a closed interval. The current lack of a Lipschitz
parameterization theorem for surfaces is the key obstruction to understanding Federer
m-rectifiability when m > 2. The innovation of this paper is to provide the first full treat-
ment of rectifiability of arbitrary Radon measures, including measures which have infinite
Hausdorff density or which are mutually singular with respect to Hausdorff measure.

1.1. Decompositions of Radon measures. A Radon measure p on R" is a Borel
regular outer measure that is finite on compact subsets of R"™.



MULTISCALE ANALYSIS OF 1-RECTIFIABLE MEASURES II 3

Definition 1.1 (Rectifiable and purely unrectifiable measures). Let n > 1 and m > 0
be integers. We say that a Radon measure g on R" is m-rectifiable (or equivalently, in
Federer’s terminology, R™ is countably (u, m) rectifiable) if there exist countably many
Lipschitz maps f; : [0,1]™ — R" such that

1 <R“ Ui, 1]m>> =0,

where we define [0, 1]™ := {0} when m = 0. At the other extreme, we say that a Radon
measure p on R™ is purely m-unrectifiable if u(f([0,1]™)) = 0 for every Lipschitz map
10,1 — R". See [Fed69, pp. 251-252].

When m > n, every measure on R” is trivially m-rectifiable.
When m = 0, every Radon measure y on R” can be written uniquely as u = p°,, + ugu,
where 40,,, is O-rectifiable and ), is purely O-unrectifiable. The decomposition is given

by
(11) :ugect =pl {I S R™ : hﬁ}ﬂ“(‘B(‘ra T)) > 0}7
(1.2) po, = pl{z e R": liﬂ)l u(B(z,r)) =0},

Here and below p L E denotes the restriction of i to E defined by L E(F) = p(ENF)
for all I/ C R™. The O-rectifiable part ul,., of u is a weighted sum of Dirac masses at the
atoms {x € R"™ : lim,jo u(B(x,7)) > 0} of p. The purely O-unrectifiable part s, of y is
the atomless part of u.

Proposition 1.2. Let 1 < m < n — 1. Every Radon measure 1 on R™ can be written
uniquely as

(13) = u:zct + :qulu
where p., is m-rectifiable and p;, is purely m-unrectifiable.

Proof. We present a simple variation of [Mat95, Theorem 15.6], which is tailored to the
setting of finite measures of the form = H™ L E. Let u be an arbitrary Radon measure
on R™. For each j > 1, let M; = sup, u(B(0,5) N f([0,1]™)), where the supremum runs
over all Lipschitz maps f : [0,1]™ — R™. Because p is Radon, M; < oo for all j > 1.
Choose any sequence of Lipschitz maps f; : [0, 1]™ — R" such that

p(B(0,7) N £;([0,1]™)) > M; = 1/;.

Then define i}, := p LV and pp,, = p L R*"\V, where V := |72, f;([0,1]™). It is clear
that p = py. + pp,, and ., is m-rectifiable. To see that w, is purely m-unrectifiable,
assume for contradiction that p;, (g([0,1]™)) > 0 for some Lipschitz map g : [0, 1]™ — R™.
Pick j > 1 large enough such that ¢([0,1]™) € B(0, j) and w7 (g([0,1]™)) > 1/j. Next,
let A : [0,1]™ — R™ be any Lipschitz map such that h([0,1]™) 2 £;(]0,1]™) U g([0, 1]™).
(For example, one could simply take h to be a Lipschitz extension of the map defined
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by h(z) = fj(3x1, 22, ...,2y) for z1 € [0,1/3] and by h(z) = g(3z1 — 2,29,...,2y,) for
x1 € [2/3,1].) It follows that

M; = u(B(0,7) N A([0,1]™))
> et (B(0,5) N f5(10,1]™)) + i (B(O, 7) N g([0,1]™)) > (M; = 1/5) +1/j = M;,

an apparent contradiction. Therefore, py;, is purely m-unrectifiable. A similar argument
shows that the decomposition pu =y, + 1, is unique. U

The abstract proof of Proposition 1.2 given above does not provide a concrete method
for identifying p%., and g, for a given Radon measure p. A fundamental problem in
geometric measure theory is to provide (geometric, measure-theoretic) characterizations of
Preer and pigy . When n = 2 and m = 1, this problem was first formulated and investigated
by Besicovitch [Bes28, Bes38] for positive and finite measures p of the form p = H' L E,
E C R? and later by Morse and Randolph [MR44] (resp. Moore [Mo0o050]) for Radon
measures g on R? (resp. R™, n > 3) such that p < H'. Here and below H™ denotes the
m-dimensional Hausdorff measure on R™ (see e.g. [Fed69] or [Mat95]), normalized to agree
with the Lebesgue measure in R™. The condition u < H!, called absolute continuity,
means that u(E) = 0 for every Borel set E such that H'(E) = 0. In this paper, we
provide characterizations of the 1-rectifiable part p!,., and the purely 1-unrectifiable part
,uzlm of an arbitrary Radon measure p on R" (see §2). We emphasize that in contrast
with previous works, our main result does not require an a priori relationship between u
and the 1-dimensional Hausdorff measure H!. A remarkable feature of the proof of our
characterization is that we adapt techniques originating from the theory of quantitative
rectifiability to study the qualitative rectifiability of measures. In fact, our identification
of the rectifiable part of the measure p is constructive in nature.

1.2. Hausdorff densities and rectifiability. Let 1 < m < n—1. The lower and upper
m-dimensional Hausdorff densities of a Radon measure 1 at z € R™ are defined by

B
(1.4) D™(p,z) = li%%nfw € [0, 00]
and
—m B
(1.5) D" (p,x) = limsupw € [0, 0],
rl0 wmrm

respectively, where w,, is the m-dimensional Hausdorff measure of the unit ball in R™.
Whenever D™ (p,z) = D" (p, x), we may denote the common value by D™ (y, z).

A Radon measure pu satisfies p < H™ if and only if Em(u,x) < 0o at p-a.e. z € R™.
In addition, for Radon measures which happen to be of the form y = H™ L E, the upper
density satisfies 27 < D" (,2) < 1 at p-a.e. z € R". (For example, see Exercise 4 and
Theorem 6.2 in [Mat95, Chapter 6], respectively.) If i is a Radon measure on R and p is
m-rectifiable, then D™ (u,z) > 0 at p-a.e. x € R™ (see [BS15, Lemma 2.7]). Rectifiability
of absolutely continuous measures is tied up with the existence of the density D™ (u, ).
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Theorem 1.3 (Mattila [Mat75]). Let 1 < m < n — 1. Assume that p = H™ L E is
Radon for some E C R™. Then u is m-rectifiable if and only if the Hausdorff m-density
of u exists and D™ (pu,x) =1 at p-a.e. x € R™.

Theorem 1.4 (Preiss [Pre87]). Let 1 < m <n—1 and let u be a Radon measure on R".
Then v is m-rectifiable and p << H™ if and only if the Hausdorff m-density of p exists
and 0 < D™ (u,z) < oo at p-a.e. x € R™.

The proofs of Theorems 1.3 and 1.4 in arbitrary dimensions 1 < m < n — 1 have a
distinguished place in the history of geometric measure theory. When n = 2 and m = 1,
Theorem 1.3 is originally due to Besicovitch [Bes28| (also see [Bes38|) and Theorem 1.4 is
originally due to Morse and Randolph [MR44]. An extension of the later result to n > 3
was given by Moore [Moo50]. In the aforementioned works, Besicovitch also characterized
rectifiability of H! L E, E C R?, by existence H!'-a.e. of approximate tangent lines to F;
and also in terms of the H! measure of orthogonal projections (of subsets) of E onto
lines. Characterizations of rectifiability of H™ L E, E C R", in terms of approximate
tangents and projections were extended to all dimensions 1 < m < n — 1 by Federer
[Fed47]. The next case of Theorem 1.3 was settled by Marstrand [Mar61], who proved
the density characterization of rectifiability when n = 3 and m = 2. A few years later,
in [Mar64], Marstrand proved that if there exists a Radon measure 1 on R" and a real
number s > 0 such that lim, o r~*u(B(x,r)) exists and is positive and finite on a set of
positive u measure, then s is an integer. Mattila’s proof of the general case of Theorem
1.3, which is based on Marstrand’s approach, was published in [Mat75] nearly 50 years
after the pioneering paper by Besicovitch.

To prove the general case of Theorem 1.4, Preiss [Pre87] had to give a careful analysis
of the geometry of m-uniform measures p on R", i.e. Radon measures with the property
that u(B(z,r)) = wy ™ for all > 0, for all # € R™ such that u(B(z,r)) > 0 for all » > 0.
Although it is obvious that the restriction H™ L L of m-dimensional Hausdorff measure to
an m-plane L in R” is an example of an m-uniform measure, it is less clear if these are the
only examples. Surprisingly, starting with m > 3, there exist “non-flat” uniform measures
such as H3 L {(z,t) € R? x R : |z]|? = t?}; see [Pre87] (also [KP87]). Preiss introduced
several original ideas to study the geometry of non-flat uniform measures, including the
notion of a tangent measure to a Radon measure. For an in-depth introduction, we refer
the reader to the exposition of Preiss’ theorem by De Lellis [DL08]. The classification of
m-~uniform measures in R” is as of yet incomplete, but some progress has recently been
made by Tolsa [Toll5b] and Nimer [Nim15, Nim16].

The deep connections between the existence of densities and rectifiability of sets and
absolutely continuous measures in Euclidean space, as described above, have been explored
in metric spaces beyond R™ by several authors; see e.g. [PT92], [Kir94], [Lor03], [Lor04],
[CT15]. For perspectives on rectifiability in metric spaces related to existence of tangents
or projection properties, see e.g. [AK00], [Bat15], [HM15], [BL14].

The support spt i of a Borel measure ;1 on a metric space X is the set of all x € X
such that p(B(z,r)) > 0 for all » > 0. In [AM16], Azzam and Mourgoglou proved
that positive lower density is a sufficient condition for a locally finite Borel measure to
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be 1-rectifiable under additional global assumptions on the measure and its support. A
locally finite Borel measure p on X is doubling if there is a constant C' > 1 such that
w(B(z,2r)) < Cu(B(x,r)) for all x € spt u and for all » > 0.

Theorem 1.5 (Azzam and Mourgoglou [AM16)). Assume that u is a doubling measure
whose support is a connected metric space, and let & C spt u be compact. Then p L E s
I-rectifiable if and only if D'(u,z) > 0 for y-a.e. v € E.

It is important to emphasize that in Theorem 1.5, no assumption is made on the upper
density of the measure. Thus, Theorem 1.5 characterizes a class of 1-rectifiable measures,
which includes measures that are not absolutely continuous with respect to H!. Examples
of 1-rectifiable doubling measures p on R™ with spty = R® and p L H', which satisfy
the hypothesis of Theorem 1.5, were constructed by Garnett, Killip, and Schul [GKS10].
Interestingly, such examples give measure zero to every bi-Lipschitz image of R™ in R"”
(in particular, they give measure zero to every Lipschitz graph), but nevertheless give full
measure to a countable family of Lipschitz images of R. Following [BS15], it is also known
that such measures have density D'(u,x) = oo p-a.e., with u(B(x,7))/r — oo at a rapid
rate as 7 — 0.

1.3. L? Jones beta numbers and rectifiability. Let 1 < p < oo and let u be a Radon
measure on R™. For every bounded Borel set £ C R™ of positive diameter (typically,
either a ball B(x,r) or a cube )) and straight line ¢ in R", we define 3,(u, E,¢) € [0, 1]
by

(1.6) By, B, O)F = /E (diSt(a’“’@)p du(z)

diam E ) u(E)’
where we interpret 3,(u, £,¢) = 0 if p(E) = 0. We then define §,(u, E) € [0, 1] by
(1.7) Bp(p, ) = inf 5,(p, I, £),

where the infimum runs over all straight lines in R”. Note that (8,(u, E,¢) and 5,(u, E)
are increasing in the exponent p for all u, E, and ¢. Higher dimensional beta numbers

f,m) (1, E) may be defined by letting ¢ range over all m-dimensional affine planes in R™
instead of over all lines in R".

In [Jon90], Peter Jones characterized subsets of finite length curves in the plane in terms
of an ¢? sum of a sup-norm variant of (1.6); see Definition 3.3 and Theorem 3.4 below. One
goal was to bring these quantities into the study of singular integrals [Jon89]. Guy David
and Stephen Semmes did this, and more, for curves and surfaces in their investigation of
uniformly rectifiable sets and measures (e.g. see [DS91] and [DS93]). Much work has been
done in connecting beta numbers and rectifiability (highlights include [Paj97], [Lég99],
[Ler03], [HahO8], [LW11], [DT12], [BS15], [ADT16], [BS16], [NV15]), but we single out
two recent papers, [Tollba] and [AT15], and state one theorem, which is a combination
of their main results.

Theorem 1.6 (Tolsa [Tollbal, Azzam and Tolsa [AT15]). Let 1 < m < n —1 and
let p be a Radon measure on R™. Then u is m-rectifiable and p << H™ if and only if
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= m

0<D (u,z) < oo and

(18) / B8 (11, Bz, 7))

The factor p(B(z,r))/r™ appearing in (1.8) translates between different conventions in
the definition of beta numbers. In [Toll5a] and [AT15], the authors use the convention
that integration in the definition of ﬁém)(u, B(z,r)) is against the measure r~""u, whereas
our convention is that integration is against the measure p(B(x,r))~! . Note that

(1.9) 52m><u,B<x,r>>2M:irgf/B< )( G, )d”<”">.

rm diam(B(x,r)) rm

A good way to access a more comprehensive survey about uniform rectifiability, its
connection to singular integrals, and its connection to analytic capacity, is to read David
and Semmes [DS93], Pajot [Paj02], and Tolsa [Toll4]. We also make some remarks in
[BS15, §4].

2 1(B(z, 7))

dr
— — < oo atp-a.e. x e R
r r

1.4. Conventions. We may write a < b (or b 2 a) to denote that a < Cb for some
absolute constant 0 < C' < co and write a ~ b if a < b and b < a. Likewise we may write
a <S¢ b (or b 24 a) to denote that a < Cb for some constant 0 < C' < oo that may depend
on a list of parameters ¢t and write a ~; b if a <y b and b < a.

Below we use several grids of dyadic cubes. Unless stated otherwise, we take all dyadic
cubes in R™ to be half open, say of the form

Q- B—;,]l;l) o x {;—’;,‘7”2?), kg, gn €.

The side length of @, which we denote by side Q, is 27%; the diameter of ), which we
denote by diam Q, is 27%y/n. Let A(R"™) denote the collection of all dyadic cubes in R®
and let A;(R™) denote the collection of all dyadic cubes in R™ of side length at most 1.
For any cube @) and A > 0, we let A\() denote the unique cube in R” that is obtained by
dilating @ by a factor of A with respect to the center of ). Note that side A\Q) = A side Q)
and diam A\Q) = Adiam @) for all cubes ) and for all A > 0.

2. MAIN RESULTS AND ORGANIZATION OF THE PAPER

In our main result, Theorem A, we characterize the 1-dimensional rectifiable and purely
unrectifiable parts of arbitrary Radon measures in terms of the pointwise behavior of the
lower density and a geometric square function to be defined below. Also, see Theorem E,
where we characterize the rectifiable and purely unrectifiable parts of a pointwise doubling
measure in terms of the pointwise behavior of a simpler geometric square function alone.

For any dyadic cube @ in R", define the set A*(Q) of nearby cubes to be the set of all
dyadic cubes R such that

(2.1) side ) < side R < 2side @
and

(2.2) 3R C 1600v/n Q.
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The constant 16004/n in the definition of A*(Q) is chosen to be large enough to invoke
Proposition 3.6 in the proof of Lemma 5.3, but has not been optimized.
Let 1 < p < oo and let u be a Radon measure on R". For all @ € A(R"™), we define

By(u, Q) € [0,1] by
1(3R)

(2.3) Br(p, Q) = inf max {Bp(ﬂa 3R, ()* min (m, 1) ‘R e A*(Q)} ;
where as usual the infimum runs over all straight lines in R". Note that 8 (u, Q) = 0

whenever (1600y/n Q) = 0, and 3;(u, Q) is increasing in p for all g and Q. When p = 2,

2 . 1(3R)
B2(N7 3R7 ‘6) min (dlam 3R7 1

_/ dist(z, ¢) 2min 1 1 ()
= Jop \diam 3R diam 3R’ u(3Ry ) M

Compare the normalizations in (1.6), (1.9), and (2.4).
Define a density-normalized Jones function J(u, ) associated to the numbers 35 (1, Q)
as follows. For every n > 2, 1 < p < 0o, and Radon measure p on R”, define

diam @)
(2.5) Iy (1, @) = By (1, Q)
QeAzl(Rn) nQ)

(In the definition, we use the convention 0/0 = 0 and 1/0 = oo0.) This is a variant

(2.4)

xo(z) € [0,00] for all x € R",

of the density-normalized Jones function Jo(p,x) used in [BS15], which was associated
to the beta numbers fs(p,3Q). Peter Jones conjectured circa 2000 that these types of
weighted Jones functions could be used to characterize rectifiabilty of a measure (personal
communication). In this paper’s main result, Theorem A, we verify Jones’ conjecture by
using Jy(p1, ¥) to identify the I-rectifiable and purely 1-unrectifiable parts of an arbitrary
Radon measure.

Theorem A (characterization of the 1-rectifiable / purely 1-unrectifiable decomposition).
Letn > 2 and let 1 < p < 2. If u is a Radon measure on R™, then the decomposition
b= oot T Hpy 0 (1.3) ds given by

(26) :uiect =K L {I € Rn :

: D' (p,2) > 0 and J}(p, ) < 00},
(2.7) fy, = {z € R": DY(

K,
) =0 or Ji(u,x) = oo} .

Corollary B (characterization of 1-rectifiable measures). Let n > 2 and let 1 < p < 2.
If 1 is a Radon measure on R™, then p is 1-rectifiable if and only if D*(p,z) > 0 and
Jy(p,v) < 0o at p-a.e. v € R™.

Corollary C (characterization of purely l-unrectifiable measures). Let n > 2 and let
1 <p<2 If puis a Radon measure on R™, then u is purely 1-unrectifiable if and only if
D'(p,x) =0 or Ji(p,x) = 0o at p-a.e. v € R™.

The proof of Theorem A and its corollaries takes up §§4-6 below. A description of each
of these sections appears at the end of this section. The restriction to exponents p > 1
in Theorem A appears in the proof of Lemma 5.2; the restriction to p < 2 appears in
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the proof of Proposition 4.4. It is an open problem to determine if the conclusion of the
theorem holds in the range p > 2. The restriction to half open cubes (in the characteristic
function x¢) in the definition of J>(u, x) is imposed so that in the proof of Theorem 5.1,
we may use Lemma 5.6 (also see Remark 5.7).

The methods that we develop to prove Theorem A also yield a characterization of
rectifiability of a measure with respect to a single rectifiable curve. Let 1 < p < oo and
let 11 be a Radon measure on R™. For all @ € A(R"), we define 57*(u, Q) € [0,1] by

(2.8) By (1, Q) = mfmax {f,(n, 3R, () : R € A™(Q)},
where the infimum runs over all straight lines in R™.

Theorem D (Traveling salesman theorem for measures). Let n > 2 and let 1 < p < 0.
Let i be a finite Borel measure on R™ with bounded support. If ' C R™ is a rectifiable
curve such that u(R" \ T') =0, then

(2.9) Sy = > B (@) diam Q <, H(I).

QeA(R™)
Conversely, if Sy*(u) < oo, then there is a rectifiable curve I' such that p(R*\T') = 0 and
(2.10) H'(T) <, diamspt 1+ S5 ().

Theorem D may be viewed as an extension of the Analyst’s traveling salesman theorem
(see §3), which characterizes subsets of rectifiable curves. A characterization of measures
that are supported on a rectifiable curve was already known for Ahlfors regular measures
(see [Ler03, Theorem 5.1]), but in this generality is new even for absolutely continuous
measures of the form y = H!' L E. For the proof of Theorem D, see §6.

For measures satisfying an additional weak regularity property, we also obtain simpler
characterizations of the l-rectifiable and purely l-unrectifiable parts. Let u be a Radon

measure on R” and let 1 < p < oco. The density-normalized Jones function J,(u,x) is
defined by

- di
(2.11) Jp(p, ) == Z By, 3Q)* la(Ig)QxQ(x) € [0,00] for all z € R™.
QEAL(R™) a
A Radon measure p on R" is called pointwise doubling if
B(x,2
(2.12) lim sup p(B(z, 2r)) < oo for p-a.e. z € R".

o p(B(x,r))
The class of pointwise doubling measures includes the class of Radon measures g on R”
with 0 < D'(p, z) < El(,u, x) < oo for p-a.e. x € R™, but is strictly larger.

Theorem E (characterization of the 1-rectifiable / purely 1-unrectifiable decomposition
for pointwise doubling measures). Let n > 2 and let 1 < p < 2. If p is a pointwise
doubling measure on R™, then the decomposition = pt ., + [y i (1.3) is given by

(2.13) Hireet = 11 L {w ER": Jy(n,w) < OO} ,

(2.14) [y = p L {x eR": J(u,x) = oo} :
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See §7 for the proof of Theorem E. It is an open problem to decide if the conclusion of
Theorem E holds for arbitrary Radon measures.

Remark 2.1 (Added in May 2016). Shortly after a second draft of this paper appeared on
the arXiv in April 2016, the problem following Theorem E was answered in the negative
by Martikainen and Orponen [MO16]. For all € > 0, Martikainen and Orponen construct
an example of a probability measure p supported in the unit square in the plane for which

(1) Jo(p, ) < e for all z € spt y, and
(2) D'(p,2) = 0 at p-a.e. z € R2.

(We caution the interested reader that [MO16] uses different notation for Ja (s, x).) Thus,
the measure p is purely l-unrectifiable by Corollary C (or Lemma 4.2) despite having
jg(u, -) uniformly bounded. This shows that 1-rectifiable or purely 1-unrectifiable Radon
measures cannot be characterized in terms of pointwise control of the Jones function
(72(/1, -) alone. Moreover, let us note that since p is a finite measure with bounded support,

> Ba(n,3Q)* diam Q = / B(wa)du(@) + > Ba(n,3Q)* diam Q < oo

QeA(R™) QEA(R™)\A1(R™)

by (1). This shows that in Theorem D, the numbers 35*(u, @), which take into account
how p looks in cubes R nearby @), cannot be replaced with the simpler numbers 5 (u, 3Q).
For further discussion in this direction, see Remarks 4.6 and 5.8.

2.1. Organization. In Section 3, we recall a metric characterization of rectifiable curves
in R™ as well as the Analyst’s traveling salesman theorem, which characterizes subsets of
rectifiable curves in R™ in terms of a quadratic sum of Jones’ beta numbers. Both are
indispensable tools in the theory of l-rectifiable sets and measures. At the end of the
section, we state Proposition 3.6, which is a flexible extension of Jones’ original traveling
salesman construction that we use to draw rectifiable curves capturing positive measure
in §§5 and 7.

The proofs of Theorems A and D are developed over §§4-6. In Section 4, we focus
on proving necessary conditions for a Radon measure to be 1-rectifiable, or equivalently,
sufficient conditions for a Radon measure to be purely 1-unrectifiable. In particular, we
prove that if 4 is a Radon measure and I is a rectifiable curve in R™, then JJ(u, z) < oo
at p-a.e. © € I' (see Theorem 4.3). This result is some generalization and extension of
the main result of the predecessor [BS15] of the current paper. In Section 5, we establish
sufficient conditions, which guarantee that a Radon measure is 1-rectifiable. In fact, we
introduce beta numbers (3°(u,Q), which are adapted to cubes R € A*(Q) such that
1(3R) > cdiam 3R, and prove that for every Radon measure p in R”,

plA{z € R": D' (p,x) > (3/2)v/n-cand J(u,z) < oo}

is 1-rectifiable for all ¢ > 0, where J>(u1, ) is a density-normalized Jones function that
is associated with the beta numbers 35<(u1, Q) (see Theorem 5.1). The proof of our main
result, Theorem A, as well as the proofs of Corollary B, Corollary C, and Theorem D are
recorded in Section 6, using the results of Sections 4 and 5.
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In Section 7, we show how to modify proofs in Section 5 in order to prove that for every
Radon measure in R",

o p(B(z,2r))
. {:1: e R": hrr:J/sOup W(B.1)

is 1-rectifiable (see Theorem 7.4). Theorem E is then proved by combining this result
with the main result of [BS15].

In the last two sections, §§8 and 9, we give a self-contained proof of Proposition 3.6,
which is modeled on Jones’ traveling salesman construction. The proof of the proposition
gives an algorithm for drawing a rectifiable curve I'" through the leaves V' = limy_, o Vi
of a “tree-like” sequence of 27 %-separated sets V. For example, the sets V) could be
2 *_nets of points in a bounded set £ C R™ (as in the proof of the Analyst’s traveling
salesman theorem) or the sets Vj could be p centers of mass (of the triples) of dyadic
cubes of side length 27 (as in the proof of Lemma 5.3). An important technical difference
between Jones’ original construction and Proposition 3.6 is that the latter does not require
Vir1 2 Vi. The added flexibility provided by Proposition 3.6 is crucial for the proofs of
the sufficient conditions for 1-rectifiable measures, which we present in §§5 and 7.

< o0 and J, (i, ) < oo}

3. THE ANALYST’S TRAVELING SALESMAN THEOREM, AGAIN

A rectifiable curve T' in R™ is the image f([0,1]) of a Lipschitz map f : [0,1] — R™
As Lipschitz maps are continuous and do not increase Hausdorff measure by more than a
constant multiple, every rectifiable curve I is a closed, connected set such that H!(T") < occ.
It is a remarkable fact—and an essential fact for the theory of 1-rectifiable sets and
measures—that the converse of this observation is also true. For a proof of this fact that
is valid in Hilbert space, see [Sch07, Lemma 3.7].

Lemma 3.1. If ' CR" (or I inside the Hilbert space ls) is a closed, connected set such
that H*(T') < oo, then there exists a Lipschitz map f : [0,1] — R" such that T = f([0,1]).
Moreover, f can be found such that |f(s) — f(t)| < 32H(T)|s —t| for all 0 < s,t < 1.

Corollary 3.2. IfI'y,I'5,--- C R" is a sequence of uniformly bounded, closed, connected
sets, then there exists a compact, connected set I' C R™ and a subsequence (Fk].)}?‘;l of
(I'r)g2, such that Ty, — I' in the Hausdorff metric as j — oo and

HYT) < 32 lim inf #' (T},

It is known that the constant 32 in Corollary 3.2 may be replaced with 1 (for example,
see [Fal86, Theorem 3.18]), but knowledge of the optimal constant will not be important
for the development below. The constant 32 in Lemma 3.1 is not optimal and likely may
be replaced with 2. However, once again, knowledge of the optimal constant is not crucial
for the applications to follow.

Next, we recall the Analyst’s traveling salesman theorem, which characterizes subsets of
rectifiable curves in R™. The theorem was first conceived and proved by P. Jones [Jon90]
for sets in the plane and then extended by Okikiolu [Oki92] for sets in R", for all n > 3.
For a formulation of the theorem in infinite-dimensional Hilbert space, see Schul [Sch07].
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Partial information is also known in the Heisenberg group; see Li and Schul [LS16, LS14]
(as well as the previous work by Ferrari, Franchi, and Pajot [FFP07] and Juillet [Juil0]).
For traveling salesman type theorems in graph inverse limit spaces, see G.C. David and
Schul [DS16].

Definition 3.3. Let £ C R" be any set. For every bounded set ) C R™ such that
ENQ # 0, define the quantity Sg(Q) € [0, 1] by

_ dist(zx, £)
Q) = inf _—
Pe(@) ¥ xSlElrIW)Q diam @

where ¢ ranges over all lines in R™. By convention, we set Sg(Q) =0if ENQ = (.

Theorem 3.4 (Analyst’s traveling salesman theorem, [Jon90, Oki92|). A bounded set
E CR"™ is a subset of a rectifiable curve in R™ if and only if

B(E)= Y Bp(3Q)*diamQ < oo.

QEA(R™)
Moreover, there exists a constant C'= C(n) € (1,00) (independent of E) such that

e diam E + 8?(E) < CHY(T) for every connected set T' containing E, and
e there exists a connected set T D E such that H'(T') < C(diam F + 5*(F)).

The cube dilation factor 3 appearing in Theorem 3.4 is somewhat arbitrary and may
be replaced with any value strictly greater than 1. In particular, in §4, we need the
“necessary” half of the Analyst’s traveling salesman theorem with a dilation factor strictly
greater than 3. For a derivation of Corollary 3.5 from Theorem 3.4, see [BS15, §2].

Corollary 3.5. For alln > 2 and 3 < a < oo, there is a constant C' = C'(n,a) € (1, 00)
such that if E C R"™ is bounded and I' is a connected set containing E, then

> Be(aQ)*diam Q < C"HN(T).

QEA(R™)

The following proposition is modeled on and is some extension of a lemma from [JLS]
(currently in preparation by P. Jones, G. Lerman, and the second author of this paper)
and has roots in P. Jones’ proof of the Analyst’s traveling salesman theorem from [Jon90].
The variant in [JLS] is a criterion for constructing Lipschitz graphs, whereas Proposition
3.6 is a criterion for constructing rectifiable curves. For a related criterion for constructing
bi-Lipschitz surfaces, see [DT12, Theorem 2.5]. One technical difference between Jones’
original construction and Proposition 3.6 is that in the latter we do not assume Vj,, 2 V.
This added flexibility is crucial for our applications in sections 5 and 7 below.

Proposition 3.6. Let n > 2, let C* > 1, let 9 € R™, and let ro > 0. Let (V)32 be a
sequence of nonempty finite subsets of B(xg, C*rg) such that
(Vi) distinct points v,v' € V}, are uniformly separated: |v — v'| > 2 %ry;
(Vir) for all vy, € Vi, there exists vy € Viy1 such that vy, — vi| < C*27Fry; and,
(Vi) for all v, € Vi, (k > 1), there exists vg_1 € Vi1 such that |vg_1 — vg| < C*27Fr.
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Suppose that for all k > 1 and for all v € V}, we are given a straight line (., in R™ and a

number oy, > 0 such that

(3.1) sup dist(z, €.,) < g2 Frg
2€(Vi_1UVi)NB(v,65C*2~krg)

and

(3.2) f: Z az’UQ_kro < 00.

k=1 veVy

Then the sets Vi, converge in the Hausdorff metric to a compact set V- C B(xg, C*ry) and
there exists a compact, connected set T' C B(xg, C*rq) such that T 2V and

(3.3) H'(T) Snesro+ > > ap 27 .
k=1 veVy
Remark 3.7. The “sufficient” half of the Analyst’s traveling salesman theorem is an
application of Proposition 3.6. To see this, suppose that £ C R™ is a bounded set
with diameter rq > 0. For each £ > 0, let V. be a maximal subset of E such that
v — /| > 27%ry for all distinct v,0" € Vj. Then conditions (V;), (Vi), and (Vi) of
Proposition 3.6 hold with C* = 2. For each £ > 1 and v € V}, let () be a minimal
dyadic cube such that v € @ and 3Q D B(v,65C*27%ry) and let ¢, be a line for which
SUP,e praq dist (7, lry) < 26E(3Q) diam 3Q ~, BE(3Q)27%ry. Then
sup dist(z, €1,.,) < C(n)BE(3Q)2 " ry =: a2 " ro.
2€(Vie—1UV)NB(v,65C*2~krg)
Each cube @ € A(R™) can be associated to the pair (k,v) in this way for at most C(n)
values of £ > 1 and v € Vi by (V7). Thus, by Proposition 3.6, there exists a compact,
connected set I' C R” containing V := limj_,o, Vi = E with

HYT) <, 7o+ Z Z aZ’UQ_kro S diam E + Z BE(3Q)? diam Q.

k=1 veVy QEA(R™)

The proof of Proposition 3.6 is deferred to §§8 and 9, which are independent of §§4-7.

4. NECESSITY: j IS 1-RECTIFIABLE IMPLIES D'(p, ) > 0 AND JJ (11, 7) < 00 p-A.E.

Recall from the introduction that m-rectifiable measures have positive lower Hausdorff
m-density almost everywhere.

Lemma 4.1 ([BS15, Lemma 2.7]). Let u be a Radon measure on R™ and let1 <m < n—1.
If w is m-rectifiable, then D™ (u,x) > 0 at p-a.e. x € R™.

Lemma 4.1 is a consequence of the connection between lower Hausdorff m-density of a
measure and m-dimensional packing measure P™. See [BS15| for details. By inspection,
the proof in [BS15] shows that u({z € f([0,1]™) : D™ (u, x) = 0}) = 0 for every Lipschitz
map f :[0,1]™ — R"™. Thus, we have the following stronger formulation of Lemma 4.1.

Lemma 4.2. Let p be a Radon measure on R™ and let 1 < m < n—1. Then the measure
pwl {x € R": D™(u,z) = 0} is purely m-unrectifiable.
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Our goal in the remainder of the section is to prove the following theorem.

Theorem 4.3. Let n > 2. If p is a Radon measure on R™ and I" is a rectifiable curve,
then the function Jj(u,-) € L*(u L T) and J3(u,x) < oo at p-a.e. v € T.

At the core of Theorem 4.3 is the following quantitative statement, which is some
extension and generalization of [BS15, Proposition 3.1]. In particular, let us stress that
the lower Ahlfors regularity condition on £ C I' has been removed.

Proposition 4.4. Let n > 2. If v is a finite Borel measure on R™ and I' is a rectifiable
curve, then

(4.1) > B3 (v, Q) diam Q <,, H(T) + v(R™\ T).
QeA(®N)
»(TN1600+/n Q) >0

Proof. The proof that we present is an adaptation of the proof of Proposition 3.1 in [BS15],
the forerunner to this paper by the same name. For clarity, we develop the part of the
proof that needs to be altered.

Fix constants € > 0 and a > 3 to be specified later, ultimately depending on only the
ambient dimension n. Define two families Ar and A, of dyadic cubes in R”, as follows.

Ar ={Q € AR") : (' N1600v/n Q) > 0 and €65 (v, Q) < Br(aQ)}, and
Ay ={Q € AR™) : v(T'N1600v/n Q) > 0 and Br(aQ) < B3 (v, Q)}.

Note that Ar and A, consist of the cubes appearing in (4.1) for which either Sr(a@) or
efs(v, Q) is the dominant quantity, respectively. It follows that

(4.2)
Y B@QrdamQ<e? Y AP damQ+ Y G, Q) diam Q.
QEA(R™) Q€eAr QeA2
v(I'N1600y/n Q)>0 ~ ~~ <\ ~ -
I 7

We shall estimate the terms I and IT separately. The former will be controlled by H!(T')
and the latter will be controlled by v(R™\ T').

To estimate I, we note that by Jones’ (when n = 2) and by Okikiolu’s (when n > 3)
traveling salesman theorems (in the form of Corollary 3.5),

(4.3) I<e? > Br(aQ)’ diamQ < C'e *HY(T),
QEA(R™)

where C’ is a finite constant determined by n and a.
In order to estimate II, first decompose R™ \ I" into a family 7 of Whitney cubes with
the following specifications.

e The union over all sets in 7 is R™ \ I.

e Each set in 7 is a half open cube in R" of the form [a1,b1) X -+ X [ap, by,).
o If Tl,TQ € T, then either T1 = TQ or T1 N Tg = @

o If T €T, then dist(7,I') < diam 7T < 4dist(7,T).
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(To obtain this decomposition, one can modify the standard Whitney decomposition in
Stein’s book [Ste70] by replacing each closed cube with the corresponding half open cube.)
Here dist(7,T") = inf,ep inf er |z — y|. For each k € Z, we define

T ={T € T : 27" < dist(T,I") < 27*}.

Also, for every cube @, we set T(Q) ={T €T :v(QNT) >0} and T,(Q) = Te N T(Q).
First we will estimate 35 (v, Q)% diam Q for each Q € A, and then we will estimate I1.
Fix Q € A,, say with side Q = 2%, and pick any line ¢ in R" such that

(4.4)  sup dist(z,¢) < 2fr(aQ) diam a@ < 255 (v, Q) diam aQ = 2aef5(v, Q) diam Q.

zel'NaQ

We will estimate (5 (v, Q)? from above using ¢:

3R)
* 2 < 2 3 V( 1 .
62 (V7 Q) = RénA%)((Q) 52(1/7 3Ra ﬁ) min { diam 3R7

Fix a cube R € A*(Q) nearby @ and recall that diam @) < diam R < 2diam Q). For ease
of notation, set mr = min{r(3R)/diam 3R, 1}. To estimate B5(v, 3R, ¢)*mp from above,
divide 3R into two sets Ng (“near”) and Fr (“far”), where

Np = {z € 3R : dist(z, () < 2aef; (v, Q) diam Q}

and
Fr={z € 3R : dist(z, () > 2aef;(v,Q) diam Q}.
It immediately follows that

v 3R Pmn < [ R (jﬁjﬁfgiff s /F (iljf?ja)y )

di O\> d
< wesi0nar+ [ () 2

O |

By the triangle inequality and (4.4), we have
dist(z, ) < dist(z,I' N aQ) + 2aep; (v, Q) diam Q.
Using this and the inequality (p + q)? < 2p? + 242, it follows that

2 4 5 90 2 dist(z, ' N a@) ) * dv(z)
Po(v, 3R, ()" mp < 3¢ B(v, Q)" + Z/FR ( diam 3R ) i V(3R)

Now, for each x € Fr C 3R, we have dist(z,I') < diam 16004/n @, because 3R C
16004/ @ and v(I' N 16004/n Q) > 0. Hence, taking the constant

a = 1600y/n + 3200n

(so a = 1600y/n + 2diam 1600y/n Q) ensures that dist(xz,I' N aQ) = dist(z,T") for all
x € Fr. Thus,

M)QW dv(z)

4
2 < = 2_2 % 2 2 .
Bo(v, 3R, £)"mp < 39 ¢ B (v, Q)" + /FR (diam?)R V(3R)
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Now, letting R range over A*(Q) and declaring that € be chosen so that (4/3)a?c? = 1/3,

we conclude that
dist(z, )\ dv ()
* 2 < —_— :
B5(v, Q)" < max S/FR (diam 3R) R V(3R)

Next, because mp/v(3R) < 1/diam 3R < 1/diam 3Q = 1/3diam ), we obtain

. , dist(z,T)\”
(45) 52 (I/, Q)2 dlam@ S RénA%)((Q) /FR (m) dl/(ﬂf)

Note that if x € Fg for some R € A*(Q), then x € T" by (4.4) and 3R C a@). Thus, we
may employ the Whitney decomposition 7 of R™ \ T" to estimate the right hand side of
(4.5):

Bi(v,Q)*diam Q < max dist(z,T)

2
su - v(TN3R).
REA*(Q) i xe? ( diam @) ) ( )

Because 3R C a@ for all R € A*(Q) by our choice of a above, it follows that

dist(z, T")

2
Tam O ) v(T Na@).

B35 (v, Q)? diam Q < Z Sup<

TeT(Q) *€T

Recall that side @ = 27%. If T € T;(aQ), then by bounding the distance between a point
in T Na@ and a point in I' N 1600/n @), we observe that

2751 < dist(T,T) < diam aQ = ay/nside Q = ay/n27".

It follows that k > ky := ko — 1 — |logy ay/n] whenever T € Ti(aQ). Also, if T € Ty, and
x € T, then dist(z,T") < dist(T,T) + diam T < 5dist(7,T') < 5 - 27%. Therefore,

(4.6) 5§(V,Q)2diamQ§25i S ( 2" ) V(T N aQ).
)

k=k1 TeT(aQ diam Q

This estimate is valid for every cube Q € Ay. We emphasize that equation (4.6) is the
analogue of [BS15, (3.8)] in the proof of [BS15, Proposition 3.1].

Equipped with (4.6), one may now repeat the argument appearing after [BS15, (3.8)]
in the proof of [BS15, Proposition 3.1], mutatis mutandis, to obtain

(4.7) o<, v(R"\T).
Combining (4.2), (4.3) and (4.7), we obtain (4.1), as desired. O

Remark 4.5. The proof of Proposition 4.4 is robust in the sense that it does not overly
rely on the specific geometry or combinatorics of sets in A*(Q)). For example, a version
of the proposition holds if the triples 3R of cubes R € A*(Q) appearing the definition
of 55(u, Q) are replaced with a family of balls that are nearby ) and whose diameters
are comparable to the diameter of (), provided that all relevant constants are chosen
uniformly across @) € A(R"). We leave details to the interested reader.
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Proof of Theorem 4.3. Let pu be a Radon measures on R" and let I' be a rectifiable curve.
Then

G duta) = 30 5300 QP [ vl duta)

QeA(R™)
. . I'n . )
(48) S BQ(LL?Q)leamQ%S S B Q) diam Q.
QeA(R™) H QEA(R™)
w(NQ)>0 w(TNQ)>0

Let K be the closure of the union of cubes

U U sr

Qea;(B") ReA*(Q)
w(I'NQ)>0

which is compact since I' is bounded. Then the restriction ¥ = y L K is finite and
(49) > B diamQ= > Q) diamQ <, H'(T) +v(R"\T) < oo

QEAL(R™) QEAL(R™)
w('NQ)>0 v(I'NQ)>0

by Proposition 4.4. Chaining together inequalities in (4.8) and (4.9), we conclude that

Jy(u,-) € L' (u L T'). Therefore, J3(u, ) < oo at p-a.e. x € T, as well. O

Remark 4.6. Recall from (2.8) that if x4 is a Radon measure on R™ and @ € A(R"), then
(1 Q) = imfmax {B,(1, 3R, 0) : R € A(Q)}

where the infimum runs over all straight lines in R”. Define the density-normalized Jones

function J3*(u, z) associated to the numbers 55*(u, Q) by

S =Y ;*w,@)?djgfm(x).

QeA1(R™)

In Theorem 4.3, we showed that if u is a Radon measure and I' is a rectifiable curve,
then J5(p,z) < oo at p-a.e. x € I'. However, it is currently an open problem to decide
whether p is a Radon measure and I' is a rectifiable curve imply that J;*(u, z) < oo at
p-a.e. x € I'. For the motivation for this problem, see Remark 5.8.

5. SUFFICIENCY: D'(u,z) >0 AND (i, r) < 00 p-A.E. IMPLIES p IS 1-RECTIFIABLE

Our goal in this section is to show that D'(u, ) > 0 almost everywhere and J(u, -) < oo
almost everywhere are together a sufficient condition for a Radon measure p on R™ to be
1-rectifiable. As an intermediate step, we first introduce and work with beta numbers and
weighted Jones functions that are adapted to cubes with uniformly large (coarse) density.

Let © be a Radon measure on R", let 1 < p < 0o, and let ¢ > 0. For all dyadic cubes
Q € A(R"), we define 85(1, Q) € [0,1] by

ﬁ;’c(,u, Q)2 = irglf max {Bp(,u, 3R, ()*min{c,1} : R € A*(Q) and

(5.1)
1(3R) > cdiam SR},
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where in the infimum /¢ ranges over all straight lines in R™. If there do not exist cubes
R € A*(Q) such that p(3R) > cdiam3R, then by convention we let B:¢(u,z) = 0.
Evidently, for every measure pu and dyadic cube (), we have the comparison

B2, Q) < Bi(p, Q) for all ¢ > 0.
The c-adapted LP density-normalized Jones function J)¢(u, ) is defined by

(52) L) =Y B (u dlilgem( z) € (0,00 for all z € R™.
Qe (RM)
In particular, if J; (11, r) < oo p-a.e., then J;(u, z) < oo for all ¢ > 0, at p-a.e. z € R™
Theorem 5.1. Let i be a Radon measure on R", let 1 < p < oo, and let ¢ > 0. Then
plA{z € R* : D', x) > (3/2)v/n- ¢ and J3(p,z) < oo}
1s 1-rectifiable.

In order to construct rectifiable curves that capture measure in Theorem 5.1, we will
use Proposition 3.6 in conjunction with the following observation due to Lerman [Ler03].
As stated, Lemma 5.2 is a small variation of [Ler03, Lemma 6.4].

Lemma 5.2. Letn > 2 and let 1 < p < 0o. Let u be a Radon measure on R™, let E be a
Borel set of positive diameter such that 0 < pu(F) < 0o, and let

o[22

denote the center of mass of E with respect to p. For every straight line £ in R™,

dist(zg, 0) < By(p, E,0) diam E.

Proof. For every affine subspace ¢ in R", the function dist(-, ¢)? is convex provided that
1 < p < oo. Thus,

P
dist(zg, £)P = dist (/ z d Z),E)
g H(E)
d

< /E dist(z, ) ulél(;)) = Bp(p, £, £)?(diam E)?

by Jensen’s inequality. 0

Let us define a tree of dyadic cubes to be a set T of dyadic cubes with unique maximal
element @)y (ordered by inclusion) such that if R € 7, then Q € T for all dyadic cubes
R C @ C Q. Denote Qg by Top(7). An infinite branch of T is defined to be a chain
Qo2 Q1 D@y D ... of cubes in T such that side Q; = 27! side Qg for all I > 0. We define
the set Leaves(7) of leaves of T to be

Leaves(7) : U {m Qi: Qo2 Q1D Qe D --- is an infinite branch of T} .

The following lemma is the heart of Theorem 5.1.
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Lemma 5.3 (drawing rectifiable curves through the leaves of lower Ahlfors regular trees).
Letn >2, let1 <p<oo, and let ¢ > 0. Let u be a Radon measure on R™. If T is a tree
of dyadic cubes such that

1(3Q)
) " > ll d
(5.3) diam3Q_c forallQ €T, an
(5.4) Sy, T) =Y By(n, Q) diam Q < oo,
QeT
then there exists a rectifiable curve I' in R™ such that I" O Leaves(T) and
(5.5) HNT) <, diam Top(T) + max{c ™", 1}55(u, T).

Proof. Applying a dilation and a translation, we may assume without loss of generality
that Top(7) = [0,1)". By deleting irrelevant cubes from 7, we may also assume without
loss of generality that every cube @) € T belongs to an infinite branch of 7. To proceed,
we will aim to use Proposition 3.6. Set parameters

C*=4 and ro=3diamTop(T) = diam[—1,2)" = 3y/n.

Below we will freely use the fact that diam 3Q) = r¢side @ for all Q € T.
For each () € T, let z3¢ denote the i center of mass of 3@, i.e.

_ [, aul)
e = /3@ M(3Q)'

For each k > 0, let Zy = {230 : Q € T and side@ = 27"} and choose Vj to be any
maximal 27 %ry-separated subset of Z;. Pick any zy € 3Q,. Then

Vi € Z), € 3Top(T) € B(xo,10) € B(xo, C"ro).

Also note that Vj satisfies condition (V) of Proposition 3.6 by the definition of V.

To check condition (V), let & > 0 and let v € Vj, say v = z3¢ for some Q) € T
with side@Q = 27%. Recall that by assumption every cube in 7 belongs to an infinite
branch of 7. Hence there exists R € T such that R C @ and side R = %side Q. By
maximality, there exists v' = z3p € Vj 41 for some P € T such that side P = side R and
|z3r — v'| < 27*+Dp Tt follows that

3
[v —v| < |v' — z3g| + |25 — v| < 2% D + diam 3Q = 3 2 Fry < C*27 .

Thus, condition (V) is satisfied.

To check condition (Vir), let & > 1 and let v € Vj, say v = z3¢ for some Q € T
with side@ = 27%. Let R denote the parent of @), which necessarily belongs to 7. By
maximality, there exists v/ = z3p € V1 for some P € T such that side P = side R and
|z3p — V'] < 27* =Dy, Tt follows that

v — ') < |V = z3p| + |23r — v] < 2% Vg + diam 3R < 4 - 27Fry < C*27Fpy.

Thus, condition (Vj) is satisfied.
Now, for each k > 0 and v € V}, let Q1. € T denote a dyadic cube of side length 2%
such that v = 23¢, ,. Next, we will choose lines /3, in R" and numbers a3, > 0 to use
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with Proposition 3.6. Let £ > 1 and v € V}.. By definition of 3;¢(u, Q,.), we can choose
a line ¢, such that
max{S,(i, 3R, l,) : R € A"(Q) and p(3R) > cdiam 3R}

< 2max{c?, 1} 85 (1, Qro).
Note that if z € V; N B(v, 65C*2 %) for j = k or j = k—1, then u(3Q;.) > cdiam 3Q;
(since Q. € T) and 3Q;, C 1600\/nQx, (with room to spare). By Lemma 5.2 and (5.6),
it follows that for any = € V; N B(v,65C*27%rq) with j =k or j =k — 1,

dist(x, k) < Bp(1t, 3Q; 0, Ui ) diam 3Q); ,
< 4max{c /2, L3851, Qrw) - 27 g =1 a2 1.

(5.6)

Therefore, the lines ¢, and numbers oy, satisfy (3.1). Furthermore,

o0

SN 62,27 < 48max{e, 1} Y B, Q)2 diam Q

k=1 veVy QeT
Smax{c !, 1}S5(u, T) < oo.

Thus, (3.2) holds, as well.
By Proposition 3.6, there exists a connected, compact set I' C R™ such that

HYT) Spov 1o+ Z Z ;2 " rg <, diam Top(T) 4+ max{c™", 1}.55(u, T)

k=1 veVy

and I' O V = limy_, V4. By Lemma 3.1, T" is a rectifiable curve. It remains to check
that I' O Leaves(7). Let y € Leaves(T), say y = limy_,oo yx for some sequence of points
yr € Q, for some infinite branch Qy 2 Q1 2 Q2 D ... of T. Let 2, = 239, denote the
center of mass of 3Q), and let v, € Vi be any point which minimizes the distance to z.
On one hand, |yx — 2| < 27%ry = diam 3Qy, since yx, zx € 3Qx. On the other hand,
|zx — v < 27Fry by maximality of Vj, in Z;. Thus, by the triangle inequality,

o — y| < vk — 2| + |2k — vk + lye — y] < 210 - 27% + |yp —y| for all k >0,

whence y = limy_,o v € limy o Vi C I'. Therefore, since y € Leaves(T) was arbitrary,
I' D Leaves(T). O

The specialization to trees of lower Ahlfors regular cubes in the previous lemma can
be avoided by making an assumption on the behavior of the measure in all nearby cubes.
Recall from the introduction that 3;*(u, Q) = inf, maxgea«(q) Bp(1t, 3R, £).

Lemma 5.4 (drawing rectifiable curves through the leaves of a tree). Let n > 2, let
1 <p< oo, and let p be a Radon measure on R"™. If T is a tree of dyadic cubes such that

(5.7) Sy T) =Y By (1, Q) diam @ < oo,
QeT
then there ezists a rectifiable curve I' in R™ such that I' O Leaves(T) and

(5.8) HY(T) <y diam Top(T) + S5* (1, T).
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Proof. The proof follows the same pattern as the proof of Lemma 5.3. However, instead
of choosing /},, according to (5.6), one uses the definition of 3;*(u, Q) to choose a line
k., such that

(5.9) max{ 3, (u, 3R, ly) : R € A™(Q)} < 2max 3" (1, Q.v)-
We leave the details to the reader. [l

Corollary 5.5. Let 1 < p < oo and let j be a finite measure on R™ with bounded support.
If Sy(un) = ZQeA(R") B (u, Q)*diam Q < oo, then there exists a rectifiable curve T in
R™ such that p(R*\T') = 0 and H'(T') <, diamspt pu + Sy*(p).

Proof. Let Q denote the set of maximal cubes @ € A(R"™) such that ©(3Q) > 0 and
side Q < diamspt u. Note that #9 <,, 1. For each @y € Q, define

Too :={Q € AR") : Q C Qo and p(3Q) > 0}.

Then Tg, is a tree of dyadic cubes with Leaves(Tq,) = Qo Nsptu and S3*(u, Tg,) <
Sy*(u) < oo. By Lemma 5.4, there is a rectifiable curve I'g, in R™ such that I'g, 2

Qo N spt p and
H'(Lg,) Sn diam Top(Tg,) + S5 (11, Ta,) Sn diamspt g4 S5 ().

Because spt u C UQer (@ﬂ spt ,u) and #9 <, 1, we can find a rectifiable curve I' in
R"™ such that T" D UQer I'g, 2 spt p and

H(T) <, diamspt pu + Z H'(Lg,) Sn diamspt p+ S5 (u).
QoL

Finally, note that p(R™\ T") < u(R™ \ spt ) = 0. O

Next, we state and prove a localization lemma for measure-normalized sums over trees
of dyadic cubes, which is modeled on [BS16, Lemma 3.2]. Let 7 be a tree of dyadic cubes
and let b: T — [0,00). For each Radon measure p on R”, define the p-normalized sum
function St (e, x) by

Sralpa) = 3 AL

—xq(z) €[0,00] for all x € R,
5 Q)

where we interpret 0/0 = 0 and 1/0 = co.

Lemma 5.6 (localization lemma). Let T be a tree of dyadic cubes, let b : T — [0, 00),
and let u be a Radon measure on R™. For all N < oo and € > 0, there exist a partition of
T into a set Good(T, N,¢e) of good cubes and a set Bad(T, N,e) of bad cubes with the

following the properties.
(1) Either Good(T,N,e) =0 or Good(T, N,¢) is a tree of dyadic cubes with

Top(Good(T, N, ¢)) = Top(T).

(2) Ewvery child of a bad cube is a bad cube: if Q@ and R belong to T, R € Bad(T, N, ¢),
and Q C R, then ) € Bad(T, N, ¢).
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(3) The sets A :={x € Top(T) : Stp(p,x) < N} and
= A\ U Q = AN Leaves(Good(T, N,¢))

QEBad(T,N,e)

have comparable measure: p(A’) > (1 —eu(Top(T)))u(A).
(4) The sum of the function b over good cubes is finite:

> Q) <N/

QEGood(T,N,e)

Proof. Suppose that T, u, b, N, ¢, A, and A" are given as above. If y(A) = 0, then we
may declare every dyadic cube @@ € T to be a bad cube and the conclusion of the lemma
holds trivially. Thus, suppose that p(A) > 0. Declare that a dyadic cube Q € T is a bad
cube if there exists a dyadic cube R € T such that @ C R and (AN R) < ep(A)u(R).
We call a dyadic cube @ € T a good cube if () is not a bad cube. Properties (1) and (2)
are immediate. To check property (3), observe that

s <Y aAnQ)

maximal Q€Bad(T,N,e)

< ep(A) > (@) < ep(A)u(Top(T)),

maximal Q€Bad(7T,N,e)

where the last inequality follows because the maximal bad cubes are pairwise disjoint.
Let us emphasize that this uses our assumption that 7 is composed of half open cubes.
It follows that

pu(A) = p(A) = p(A\ A') = (1 = ep(Top(T)))u(A).
holds. Finally, since St (i, x) < N for all z € A,

(3)
/STb pw)dp(z) = Y b(Q) AHQ) >en(d) 3, bO)

Thus, property

QeT Q€eGood(T,N,e)
where we interpret u(ANQ)/u(Q) =0 if u(Q) = 0. Because p(A) > 0, it follows that
N
>, Q<
Q€EGood(T,Ne)
This verifies property (4). O

Remark 5.7. When T C {Q € A1(R™) : Q C Qo} for some dyadic cube Qg of side length
1 and b(Q) = B,°(u, Q)? diam @, the function Sz ,(u, z) < Jy(p, ) for all x € Qo.

We now have all the ingredients required to prove Theorem 5.1.
Proof of Theorem 5.1. Let p be a Radon measure on R”, let 1 < p < oo, and let ¢ > 0.
Our goal is to prove that the measure

pl{z eR": D' (p,x) > (3/2)v/n-cand Jy(u, ) < oo}
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is l-rectifiable. For every # € R™ such that D'(u,z) > (3/2)y/n - ¢, there exists a
radius 7, > 0 such that u(B(z,r)) > 3y/n - cr for all r < r,, because D'(u,z) =
liminf, ,o u(B(z,r))/2r. Hence

w(3Q) > p(B(z,sideQ)) > 3v/n - cside Q = cdiam 3Q

whenever D' (u, z) > (3/2)y/n-c and @ is a dyadic cube such that x € Q and side Q < r,.
Thus, if D'(u,z) > (3/2)+/n - ¢, then z belongs to the leaves of the tree

T, = {Q e AY(R™): Q C Q, and
u(3R) > cdiam 3R for all R € A(R") such that Q C R C QI},

where (), is defined to be the maximal dyadic cube containing x with side @), < min{r,, 1}.
In fact, note that x € Top(7,) N Leaves(7,) and the tree T, satisfies condition (5.3) of
Lemma 5.3. Because each tree 7T, is determined by @, and A;(R") is countable, the
collection {7, : D'(u,z) > (3/2)y/n - ¢} of trees is enumerable, say

{T.:D'(p,x) > (3/2)vn-c} ={To, 11 =1,2,... }
for some sequence of points such that D*(u,z;) > (3/2)y/n - ¢ for all i > 1. Therefore,

since

{z € R": D'(,z) > (3/2)v/n - c and J>*(, ) < oo}

c UUHe € Top(T) + (1) < ),

i=1j=1

it suffices to prove that the measure p L A,y is 1-rectifiable for all y € R" such that

D'(u,y) > (3/2)y/n-cand for all N < oo, where Ay y := {z € Top(T,) : J3(n,z) < N}.

Fix y € R such that D'(u,y) > (3/2)y/n - ¢ and fix N < oco. Set n, := u(Top(T,)).

Given 0 < € < 1y, let T, . := Good(T,, N,e) C 7T, denote the tree given by Lemma 5.6

applied with 7 = 7, and b(Q) = £}(u, Q)* diam @ (see Remark 5.7). Then 7, v, inherits
property (5.3) from 7, and, by Lemma 5.6,

*,C N
Sp’ ([La E,N,e) < ?

and

p(Ayn N Leaves(Tyne)) 2> (1 —eny)u(Ay,n)-
Thus, by Lemma 5.3, there exists a rectifiable curve I'y . in R" such that I'y y. 2
Leaves(7, n.). In particular, 'y y . captures a large portion of the mass of A, y:

,U(Ay,N \ Fy,N,a) < ,U(A%N) - H(Ava N Fy,N,a) < M(Ay,N) —(1- 577y)U(Ay7N) = Enyﬂ(Aym)'

(Of course, Lemma 5.3 also gives a quantitative bound on the length of I'y y . depending
only on n, ¢, N, ¢, and diam Top(7,), but we do not need it here.) To finish, choose
0 < e <nyforall k> 1 so that limy_, € = 0. Then

M (AyJV \ U Pyﬂm) < Iicgflﬂ(A%N \ Ly ney) < nyp(Ay ) l%;r>lf1 er = 0.

k=1
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Therefore, p1 L A, n is 1-rectifiable. As noted above, this completes the proof. O

Remark 5.8. By substituting Lemma 5.3 in the proof of Theorem 5.1 with Lemma 5.4,
one can verify that if p is a Radon measure on R™ and 1 < p < oo, then the measure

plA{zr € R": J*(u, ) < oo}

is 1-rectifiable, where

dlam Q
QeAzl(:R" n(@Q)

is the density-normalized Jones function associated with the numbers 35*(u, z). However,
see Remark 4.6.

6. PROOF OF THEOREMS A AND D

Proof of Theorem A. Let u be a Radon measure on R™ and let 1 < p < 2. Partition R”
into two sets

R={z €R": D'(u,xz) >0 and J'(u,z) < oo}
and
P={zeR": D' (u,z) =0 or J;(p,z) = oo},
which are easily verified to be Borel. Since R" = RU P and RN P = (), we have

p=mLR)+pLP), (pLR)L(uLP).

By uniqueness of the decomposition u = pul. ., + [y, in Proposition 1.2, to show that
freet = L R and pu,, = pu L P it suffices to prove that the measure L R is 1-rectifiable
and the measure p L P is purely l-unrectifiable.

On one hand, since J(u, v) < Jy (i, x) for all z € R™ and for all ¢ > 0,

R={zeR":D'(y,x) > 0and J(u,z) < oo}
(6.1) C U {z e R": D'(u,z) > (3/2)y/n/i and J;’l/i(u,m) < o0}.

Therefore, L R is 1-rectifiable by (6.1) and Theorem 5.1. On the other hand, because
Jo (i1, ) is increasing in p and p < 2,

pLP<plL{zeR":D'(u,z)=0}+puL {z €R": J5(u,z) = c}.
Therefore, pv L P is purely 1-unrectifiable by Lemma 4.2 and Theorem 4.3. U

Proof of Corollaries B and C. A measure p is 1-rectifiable if and only if M;lm =0, and a
measure g is purely l-unrectifiable if and only if u!., = 0. Therefore, Corollary B and
Corollary C follow immediately from Theorem A. O

Proof of Theorem D. Let n > 2 and let 1 < p < co. Let u be a finite Borel measure with
bounded support. To prove the first statement, suppose that there exists a rectifiable
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curve I' such that y(R"\I') = 0. Then spt u C I', since I" is closed. For every @ € A(R"),
let £ be any line such that

dist(z, £g) < Bept n(1600y/nQ) diam 1600y/n@  for all x € spt u N 1600y/nQ).
Then for every dyadic cube @ € A(R"™) and nearby cube R € A*(Q),

. dist(z, lo) \" du(z) 1600y/n\" »
By, 3R, L) = /3R< diam%) o g( - ) By 16005/ Q)".

Hence, since 3R C 1600,/nQ for all R € A*(Q),
By (1, Q) < max{B,(s1, 3R, Lg) : R € A(Q)} S Bept (1600v/nQ)  for all Q € A(R™).

Therefore,

S =Y By(n@)7?diamQ Su Y Bupu(1600v/nQ)? diam Q <, HN(T)

QEA(R™) QeA(R™)
by Corollary 3.5.
The second statement is given by Corollary 5.5. U

7. VARIATIONS FOR POINTWISE DOUBLING MEASURES

In the forerunner [BS15] to this paper, the authors gave a necessary condition for a
Radon measure on R" to be l-rectifiable using the L? density-normalized Jones function
Jo(p, x) (see (2.11)).

Theorem 7.1 ([BS15, Theorem Al). If u is a I-rectifiable Radon measure on R™, then
Jo(p, x) < 0o at p-a.e. x € R™.

Examining the proof of Theorem 7.1 in [BS15], one deduces that |, Jo(, ) dp(x) < 0o
for every rectifiable curve I' C R™ and for every Borel set £ C R" of the form

E={zel:uB(xz,r) >crforall0 <r <ry} forsomec>0andry>0.

Thus, the proof of Theorem 7.1 yields the following stronger formulation of the theorem.

Theorem 7.2. Let i1 be a Radon measure on R™. Then
pL {zeR": DY, z) >0 and Jo(p, z) = 0o}
1s purely 1-unrectifiable.

We now give a second application of Proposition 3.6 and the tools of §5, which in
combination with Lemma 4.2 and Theorem 7.2, provides characterizations in terms of
jp(u, x) of l-rectifiable and purely 1-unrectifiable pointwise doubling measures.

Let QT € A(R™) denote the parent of Q € A(R™). That is, let QT denote the unique

dyadic cube such that QT O @ and side Q" = 2side Q.

Lemma 7.3 (drawing rectifiable curves through the leaves of uniformly doubling trees).
Letn>2 letl1 <p<oo,andlet0< D < oo. Let i be a Radon measure on R™. If T is
a tree of dyadic cubes such that

(7.1) pn(3Q") < 2Pu(3Q)  for all Q € T \ Top(T), and
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(7.2) Sp(pt, T) =Y B, 3Q)* diam Q < o0,

QeT

then there exists a rectifiable curve I' in R™ such that I' O Leaves(T) and
(7.3) HNT) <, diam Top(T) + (3200v/n)*2/PS, (1, T).

Proof. As in the proof of Lemma 5.3, we may assume without loss of generality that
Top(7T) = [0,1)" and every cube @ € T belongs to an infinite branch of 7. Set parameters
C* =4 and ry = 3y/n. For each Q € T, let 230 = pu(3Q)™* ng zdu(z) denote the center

of mass of 3Q. For each k > 0, let Z; = {230 : @ € T and side @ = 27"} and choose V}
to be any maximal 2 *rq-separated subset of 7. Pick any xy € 3Qy. Then

(74) Vk - Zk - 3T0p(T) c B(I’o,T‘O) C B(x07 C*TO)'

The set V} satisfies condition (V) of Proposition 3.6 by definition. The set V} also satisfies
conditions (V) and (Vi) of Proposition 3.6 (see the proof of Lemma 5.3).

For each k£ > 0 and v € Vj, choose a dyadic cube Q. € T such that v = 23Q,.,- Lhen,
for each £ > 1 and v € V}, choose a minimal dyadic cube @k,v € T such that @\k,v D Qi
and such that 3@;6,1, contains 3Q; s for every j € {k—1,k} and v’ € V;N B(v,65C*2 " r).
Since 65C*27%ry = 780,/n27%, we obtain (the overestimate)

side @kﬂ, _ diam 3@“

— < 9flog2 1600v/n] - 390))
side@j,  diam3Q,, — Vi

(7.5)

for all j € {k —1,k} and v’ € V; N B(v,65C*27%rg). Thus, by the doubling condition,

(7.6) —Z((g’“)) < 2PMez2 1600VRT < (32004/m)”
'

for all j € {k —1,k} and v' € V; N B(v, 65C*27"ry).
We are ready to pick lines ¢;, and numbers aj, > 0 to use in Proposition 3.6. Let
k> 1 and let v € Vj. Choose /;, to be any straight line in R" such that

By (1t 3Qk0: i) < 2By, 3Qk).
Then, by (7.5) and (7.6),
Bp(tt, 3Q ;07 L) diam 3Q); .
5 diam 3@k,v (M(@kv)

(7.7) = diam 3Q; \ u(Qj.)

< 6400y/n (32000/1) """ B,(1t, 3Q.0) diam 3Qy., =: a2 *rg

for all j € {k—1,k} and v' € V; N B(v,65C*27%ry). Hence condition (3.1) of Proposition
3.6 holds by Lemma 5.2 and (7.7). Next, note that each cube ) € T appears as Qy,, for
at most C'(n) pairs (k,v) by (7.5). Thus, condition (3.2) of Proposition 3.6 holds by (7.2).

1/p
> 6]) (/Lv 3@k,v7 gk,v) dlam 3Qk,'u
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By Proposition 3.6, there exists a connected, compact set I' C R™ such that

HUT) Sce ro+ Y Y af 27" S, diam Top(T) + (32003/n)*P/7 S, (11, T)

k=1 veVy

and ' OV =limyg_,o V4. By Lemma 3.1, I is a rectifiable curve. Finally, as in the proof
of Lemma 5.3, T" D Leaves(T). O

Theorem 7.4. Let p be a Radon measure on R™ and let 1 < p < oo. Then the measure

B(x,2
L {x € spt u : limsup (B, 2r)

o < oo and T () < o0

1s 1-rectifiable.

Proof. Let 1 be a Radon measure on R™ and let 1 < p < co. Write

o (B, 2r))
Double(u, x) := hnﬁfoup (B(x,r))

For every x € spt u such that Double(yu, ) < oo, there exists an integer 1 < D, < oo and
r, > 0 such that pu(B(z,2r)) < 2P=u(B(z,r)) for all 0 < r < r,. Hence

p(3Q") < p(B(w, diam 3QT)) < 2P=108: VPl (B(z, side Q)) < 2P+82 014 (3Q)

for every dyadic cube Q € A(R™) containing z such that 2M°€26V?1-1side @ < r,. Thus,
if Double(u, x) < 0o, then x belongs to the leaves of the tree

T, = {Q e A(R"): Q C Q, and
p(3R") < (124/n)P*u(3R) for all R € A(R™) such that Q C R C Qx},

€ [0,00] for all x € spt p.

where (), is defined to be the maximal dyadic cube containing x with
side ), < min{rx/zﬂogg 6vinl—1 1.

In fact, note that x € Top(7,) N Leaves(7,) and the tree T, satisfies condition (7.1) of
Lemma 7.3. Because each tree T, is determined by @, and D,, and A;(R") and N are
countable, the collection {7, : Double(y, z) < 0o} of trees is enumerable, say

{T. : Double(p,x) < 0o} ={T,, :i=1,2,...}
for some sequence of points such that Double(yu, x;) < oo for all ¢ > 1. Therefore, since

{z € R" : Double(u, ) < 0o and jp(,u,a:) < oo}

c JUte € Top(To) : () < ),

i=1j=1
it suffices to prove that the measure p L A, n is 1-rectifiable for all ¥ € R" such that
Double(s,y) < oo and for all N < oo, where A, y := {2 € Top(7,) : J(1r, z) < N}.

Fix y € R” such that Double(y,y) < oo and fix N < oo. Set 1, := u(Top(7,)). Given

0<e<mny,let Tyne:= Good(T,, N,e) C T, denote the tree given by Lemma 5.6 applied
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with 7 = T, and b(Q) = B,(u, 3Q)* diam Q. Then T, x. inherits property (7.1) from 7,
and, by Lemma 5.6,

N

Sp(pﬁ E:Nﬁ) < ?

and

p(Ay n N Leaves(Ty ne)) > (1 —eny) Ay ).
Thus, by Lemma 7.3, there exists a rectifiable curve I'y y. in R" such that 'y x. 2
Leaves(7, n.). In particular, I'y y . captures a large portion of the mass of A, y:

Ay v \Tyne) < u(Ayn) — Ay v NTyne) < Ay n) — (1 —eny)u(Ay n) = enyp(Ayn).
To finish, choose 0 < e, <, for all £ > 1 so that limj_, € = 0. Then

H (Ay,N \ H Fyﬂm) < ]iggfllﬁ(Ay,N \Tyve,) < myp(Ayn) }ggg er = 0.

Therefore, p1 L A, n is 1-rectifiable. As noted above, this completes the proof. O
We now have all the necessary components to prove Theorem E.

Proof of Theorem E. Let p is a pointwise doubling measure on R™ and let 1 < p < 2.
Partition R™ into two sets, R = {z € R" : J,(u,2) < oo} and P = {z € R" : J (1, 2) =
oo}. It is a standard exercise to show that R and P are Borel sets. Since R* = RU P
and RN P = (), we have p = (uL R) + (uL P), (L R) L (uL P). By uniqueness
of the decomposition pt = p, + fi, in Proposition 1.2, we can prove p,,., = pL R
and u;u = p L P by demonstrating that pu L R is 1-rectifiable and p L P is purely 1-

unrectifiable. On one hand, since p is pointwise doubling,

B(z,2
uLRz,uL{xEspt,u:limsupw
ro - (B(z,r))

Thus, pL R is 1-rectifiable by Theorem 7.4. On the other hand, because j;(u,x) is
increasing the exponent p, 1 < p < 2, and

pLP<plL{zreR": D' (uz)=0}+puL {z €R": D (u,z) > 0 and Jo(u, z) = oo},

< o0 and Jy(p, ) < oo}.

the measure p L P is purely 1l-unrectifiable by Lemma 4.2 and Theorem 7.2. Therefore,
M},eCtZMLRaDdM}w:MLP. O

8. DRAWING RECTIFIABLE CURVES I: DESCRIPTION OF THE CURVES AND
CONNECTEDNESS

The goal of this and the next section is to prove Proposition 3.6, which for the reader’s
convenience we now restate.

Proposition 8.1. Let n > 2, let C* > 1, let xy € R™, and let ro > 0. Let (V3)52, be a
sequence of nonempty finite subsets of B(xy, C*ry) such that
(V1) distinct points v,v' € V}, are uniformly separated: |v — v'| > 2 %ry;
(Vir) for all vy, € Vi, there exists vy € Viy1 such that vy, — vg| < C*27Fry; and,
(Vi) for all v, € Vi, (k > 1), there exists vg_1 € Vi1 such that |vp_1 — vg| < C*27Fr.



MULTISCALE ANALYSIS OF 1-RECTIFIABLE MEASURES II 29

Suppose that for all k > 1 and for all v € V}, we are given a straight line (., in R™ and a
number oy, > 0 such that

(8.1) sup dist(z, €.,) < g2 Frg
2€(Vi_1UVi)NB(v,65C*2~krg)

and
(8.2) Z Z az’UQ_kro < 00.
k=1 veVy

Then the sets Vi, converge in the Hausdorff metric to a compact set V- C B(xg, C*ry) and
there exists a compact, connected set T' C B(xg, C*rq) such that T 2V and

oo
(8.3) H'(T) Snesro+ > > ap 27 .

k=1 veVy

By viewing (J;, Vi as vertices of an abstract tree 7, where each vertex v € Vjiiq

is connected by an edge to a nearest vertex in Vj, one may view Proposition 8.1 as a
criterion for being able to draw a rectifiable curve I' (i.e. a connected, compact set " with
HY(T') < oo) through the leaves V' = limy_,o, V;, of T. Convergence of the sets V; in the
Hausdorff metric is guaranteed by Lemma 8.2, whose proof we defer to Appendix A.

Lemma 8.2. Let B C R" be a bounded set and let Vi, Vi, ... be a sequence of nonempty
finite subsets of B. If the sequence satisfies (Vi) for some C* > 0 and ro > 0, then Vj
converges in the Hausdorff metric to a compact set V C B.

The power of 2 in the quantity O‘i,v in Proposition 8.1 is a consequence of the following
application of the Pythagorean formula. For a proof of Lemma 8.3, see Appendix A.

Lemma 8.3. Suppose that V C R"™ is a 1-separated set with #V > 2 and there exist lines
ty and ly and a number 0 < a < 1/16 such that

dist(v,4;)) < a forallveV andi=1,2.

Let m; denote the orthogonal projection onto ¢;. There exist compatible identifications of
0y and ly with R such that mi(v") < m (V") if and only if mo(v") < mo(v") for allv';v" € V.
If v1 and vy are consecutive points in V' relative to the ordering of m(V'), then

(8.4) H ([ur,us)) < (1+3a2) - H ([my(ur), m(uz)])  for all [uy,ug] C [v1,vs).
Moreover,
(8.5) H([yr,v2]) < (1+120%) - H ([mi(y), mi(y2)])  for all [yr, yo] € Lo.

In §88.1-8.3 and §9, we prove Proposition 8.1 assuming Lemmas 8.2 and 8.3. To begin,
in §8.1, we make some reductions and give a high level overview of the proof of the
proposition. Next, in §8.2, we give a self-contained description of rectifiable curves I’
that contain V) and converge in the Hausdorff metric to the curve I' in the statement of
the proposition. By construction, the sets I'y are evidently closed. In §8.3, we verify that
the sets ['y are connected. In §§9.1-9.5 of the next section, we make detailed estimates on
the length of I'y, which yield the estimate (8.3) on the length of I". Finally, to complete
the proof of Proposition 8.1, we supply proofs of Lemmas 8.2 and 8.3 in Appendix A.
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8.1. Overview of the proof of Proposition 8.1. By scale invariance, it suffices to
prove the proposition with 7o = 1. Let n > 2 and C* > 1 be given, let zo € R", let
ro = 1, and assume that Vg, Vi, Vs, ... is a sequence of nonempty finite sets in B(zq, C*)
satisfying (V), (Vir), (Vir). By Lemma 8.2, there exists a compact set V' C B(zq, C*)
such that V, converges to V' in the Hausdorff metric as k& — oo. Suppose that for all
k> 1 and v € Vj we are given a straight line ¢, in R” and a number ay, > 0 satisfying
(8.1) and (8.2). If #V, = 1 for infinitely many k, then V' is a singleton and the conclusion
is trivial. Thus, we shall assume that #V}, > 2 for all sufficiently large k. Let kg > 0 be
the least index such that #V,, > 2 for all & > k.

To complete the proof, we will construct a sequence I'y,,'ko+1, ['kyto,... of closed,
connected subsets of B(zg, C*) such that I'y O V, and

k
(8.6) H (T <Cl2h+ > Y a2 27| forallk>ko+1,

j=k0+1 UEV]'

where C' > 1 depends only on n and C*. By Corollary 3.2, there exists a compact,
connected set I' and a subsequence (I'y; )52, of (['x)32,, such that I'y, — T" in the Hausdorff
metric as j — oo and I satisfies (8.3) with ro = 1 and implicit constant 32C. We note
that V' C T' C B(w, C*), because Vi, C I'y; C B(xo,C*), Vi, — V, and Iy, — T..

In the argument that follows, the points in UZiko Vj are called vertices. A vertex x € Vj,
is said to belong to generation k. Property (V7) states that vertices of the same generation
are uniformly separated. Property (V) ensures that every vertex is relatively close to
some vertex of the next generation. And property (Vi) guarantees that every vertex
of generation k > kg + 1 is relatively close to some vertex of the previous generation.
By associating each vertex to a nearest vertex of the previous generation, the set of all
vertices may be viewed as a tree with #V},, roots.

8.2. Description of the curves. Each curve I'; will be defined to be the union of finitely
many closed line segments [v/, v"] (“edges”) between vertices v',v” € V} and closed sets
B[j,w',w"] (“bridges”) that connect vertices w',w” € V; for some kg < j < k and pass
through vertices of generation j’ nearby w’ and w” for every j' > j. Bridges will be frozen
in the sense that once a bridge appears in some I'y, the bridge remains in 'y for all & > k.
If an edge [v/,v"] is included in T, then |v — v"| < 30C*27%. If a bridge Blk,v’,v"] is
included in T, then v/ — v"| > 30C*27F.

The precise construction depends on a few auxiliary choices. First, choose a small
parameter 0 < ¢ < 1/32 so that the conclusions of Lemma 8.3 hold for a = 2e. Second,
for each generation k > ko and vertex v € Vj, define an extension E[k,v| to vertices in
future generations as follows:

Given any v € Vj, pick a sequence of vertices vy, v, ... inductively so that
vy is a vertex in Vi, that is closest to vy = v, vy is a vertex in Vo that is
closest to vy, and so on. Then define

o0

E[kﬁ, ’U] = U[Uz‘, Ui+1]~

=0
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Once extensions have been chosen, for each generation k > kg and for each pair of vertices
v/, 0" € Ty, we define the bridge Blk,v',v"] by
Blk,v',v"] := Elk,0"]U [V, 0" U Elk,v"].

We remark that in the special case Vi1 2 Vi for all k > ko, the extension E[k,v] = {v}
and the bridge Blk,v',v"] = [v/,v"].

To define the initial curve I'y,, consider each pair of vertices v',v” € Vj,. If [/ —v"| <
30C*27 % then we include the edge [v/,v"] in T,. Otherwise, if [/ — v”| > 30C*27,
then we include the bridge B[ko,v’,v"] in T'y,. That is,

R / 1 / 12
(8.7) Ty = U [V, v"] U U Blko,v',v"].
11/,1J”€Vk0 v’,v//EVkO
[v —v"|<30C*2~ k0 |v'—v""|>30C*2~ %0

Suppose that I'y,,...,['x—; have been defined for some k& > ky 4+ 1. In order to define the
next set I'y, we first describe I'; ,, the “new part” of I'; nearby v, for every v € Vj,. Then
we declare 'y to be the union of new parts and old bridges. That is,

(8.8) Ty o= | J Tww U O U Blhw, v

veVg j=l€0 B[jvwlzw//]grj

Let v be an arbitrary vertex in Vj. The definition of I';, splits into two cases.

Case I: Suppose that oy, > €. To define I';,,, we mimic the construction of the initial
curve I'y,. Consider every pair of vertices v/,v” € Vi, N B(v,65C*27%). If |/ —"| <
30C*27% then we include the edge [v/,v"] in ['y,. Otherwise, if [v/ —v”| > 30C*27% then
we include the bridge B[k, v’,v"] in I'y,. This ends the description of 'y, in Case I.

Case II: Suppose that oy, < €. Identify the straight line ¢, with R (in particular,
pick directions “left” and “right”) and let m, denote the orthogonal projection onto ¢y ,.
By Lemma 8.3 and (V7), both V;, N B(v, 65C*27%) and Vj;,_; N B(v, 65C*27%) are arranged
linearly along ¢ ,. Put vp = v € V}, and let

Uiy 3 V-1,00,V1;...,Um

denote the vertices in Vj, N B(v,65C*27%), arranged from left to right according to the
relative order of 7, (v;) in £y, (identified with R), where [, m > 0. We start by describing
the “right half” Fﬁv of I'y. ,, where

Fﬁv =T, N W];qu([ﬂ'(vo), 00)).

There will be three subcases. Starting from vy and working to the right, include each closed
line segment [v;, v;41] as an edge in T'ff, until |v;4q — v > 30C*27%, vy & B(v,30C*27%),
or v;41 is undefined (because i = m). Let t > 0 denote the number of edges that were
included in '}

Case II-NT: If ¢t > 1 (that is, at least one edge was included), then we say that the
vertex v is not terminal to the right and are done describing Fﬁv.

Case II-T1 and Case II-T2: If t = 0 (that is, no edges were included), then we say
that the vertex v is terminal to the right and continue our description of Fﬁv, splitting
into subcases depending on how I'y_; looks nearby v. Let w, be a vertex in V,_; that is
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closest to v. Enumerate the vertices in V,_1 N B(v, 650*2_’“) starting from w, and moving
right (with respect to the identification of ¢, with R) by

Wy = Wy,0, Wy,1y- -, Wy,s-

Let w,, denote the rightmost vertex in V1N B(v, 0*2*(’“*1)). There are two alternatives:
T1: If r = s or if |wy, — Wy,rp1]| > 30027 E=D then we set Iy, = {v}.
T2: If |wy, — wyri1] < 30C*2~*=1 then v; exists by (V) (and v — vy| > 30C*27F).
In this case, we set Fﬁv = Blk,v,v].
The first alternative defines Case II-T1. The second alternative defines Case II-T2.
This concludes the description of Fﬁv.
Next, define the “left half” I'y, = T, N W,;}}((—oo,wm(vo)]) of 'y, symmetrically.
Also, define the terminology v is not terminal to the left and v is terminal to the left by

analogy with the corresponding terminology to the right. Having separately defined both
the “left half” 'y and the “right half” '’ of I';,, we now declare

T :=Tg, UL,

This concludes the description of I'y,, in Case II.

8.3. Connectedness. By construction, for all £ > kg, every point z € I'y is connected
to Vi inside I'y, because x belongs to an edge [v/,v"] between vertices v',v” € Vj or x
belongs to a bridge Blj, ', u"] between vertices v',u” € V; for some ky < j < k. Thus,
to prove that I'y is connected, it suffices to prove that every pair of points in V} can be
connected inside I'y. We argue by double induction.

The set Vj, is connected in I'y,, because I'y, contains [v/, v"] or Blkg, v’,v"] for every pair
of vertices v',v" € Vj,. In subsequent generations, if v/,v” € Vj, and |v/ — v"| < 30C*27*,
then v" and v” are connected in I'y,. This can be seen by inspection of the various cases
in the definition of Iy ,». Suppose for induction that Vj_; is connected in I'y_; for some
k> ko + 1. Let 2 and y be arbitrary vertices in V, and let w,,w, € Vi,_; denote vertices
that are closest to x and y, respectively. Because Vj_; is connected in I'y_1, w, and w,
can be joined in I'y,_; by a tour of p + 1 vertices in Vj_1, say

w0:w$,w1,...,wp:wy,

where each pair w;, w;,; of consecutive vertices is connected in I'y_; by an edge [w;, w;1]
or by a bridge B[j, v, u"] for some ky < j <k —1 and ', u” € V; with the property that
w; € E[j,u] and w; 11 € E[j,u"].

Set vy = z, which satisfies |vy —wp| = |z —w,| < C*27% by (Vi7). Suppose for induction
that 0 < ¢ < p — 1 and there exists a vertex v; € Vj, such that |v;, — wy| < C*2-( =1 and
vo and v; are connected in I'y. If ¢ < p — 2, choose v;11 to be any vertex in Vj such that
V41 — wygr| < C*27FD | which exists by (Vi). Otherwise, if t = p — 1, set v = ¥,
which also satisfies v 1 — wia| = |y — w,| < C*27¢=Y by (Viyr). We will now show that
vy and vy are connected in 'y, and thus, vy and v, are connected in I'y. The proof
splits into two cases, depending on whether the vertices w; and w41 in Vj_; are connected
by a bridge or an edge.
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]
W v\—l\ u " Vi, 1\

Vi 64

™

FIGURE 8.1. Truncated view of [wy, weiq] and 29 = vy, 21, ..., 2y = vy In
B(vy, 64C*27%) when ay,, < €, rescaled so that C*27% = 1.

First, suppose that wy, w1 € B[j, v, u"] for some ky < j < k—1 and some «’,u" € V;
with wy € E[j,u/] and wy 1 € E[j,u”]. Let 2’ denote the unique point in Vj N E[j, v/] and
let 2" denote the unique point in Vi N E[j,u”]. Then 2/, 2" € B[j,u/,u”]. Hence 2z’ and
2" are connected in Iy, because Bj, v, u"] C I'y. Next, by definition of the extensions,
|2/ —w;| < C*27% =Y and |2" — wyy 1] < C*27¢F=1. Thus,

v — 2| < Jvg — wy| + |wy — 2] < 20727 FD < 30027,

and similarly, |v,41 — 2”| < 30C*27%. Tt follows that v, is connected to 2’ in 'y and v,
is connected to z” in I'y. Therefore, concatenating paths, v; is connected to v, in T'.

Secondly, suppose that [w;, w,1] is an edge in Ty_;. Then |w; — wy | < 30C*2~*-1),
Hence

"Ut — Ut+1| < ‘Ut — wt\ + |wt — wt“\ + ‘thrl — Ut+1‘ < 320*27(]671) = 646”27]C

Because |v; — vy1| < 65C*27% it follows that v, is connected to vyyy in Vi if ag,, > ¢
by Case I in the definition of I'y,,. On the other hand, suppose that as,, < e. Then
Vi N B(v;, 64C*27%) may be arranged linearly according to their relative order under
orthogonal projection onto /,,. Label the vertices in Vj, N B(v;, 64C*27F) lying between
v; and vy inclusively, according to this order, say

20 = Uty 21y -« -y 2qg = Vg1

Because (1 + 3¢?)64 < 65, Lemma 8.3 ensures that v, v, € B(z;,65C*27%) for all
1 <7 < ¢ (see Figure 8.1). Thus, v; and v, are connected in Vj if oy, ., > € for some
1 <4 < g by Case I in the definition of I'; .,. Finally, suppose that a; ., < € for all
1 <i < q. Because I';_; contains the edge [wy, wii1], the set 'y ., contains B[k, z;, zi11]
or [z, ziy1] for each 0 < i < ¢ — 1, depending on whether z; is terminal or z; is not
terminal in the direction from z; to z;41. (In particular, in each instance alternative T1
does not occur.) Hence z; and z;,; are connected in I'y for all 0 < i < g — 1. Therefore,
concatenating paths, we see that v, = 2y and vy = z, are connected in I';, in this case,
as well.

By induction, vy and v; are connected in Vj, for all 1 <t < p. In particular, x = vy and
y = v, are connected in Vj. Since z and y were arbitrary vertices in Vj, it follows that Vj,
is connected in I',. Therefore, by induction, I'y is connected for all k > k.
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9. DRAWING RECTIFIABLE CURVES II: LENGTH ESTIMATES

We continue to adopt the notation and assumptions of §§8.1-8.3.

Our goal in this section is to verify that Iy i1, kyi2, ... satisfy the estimate (8.6).
Roughly speaking, we would like to bound the length of T'y, by C27% and to bound
HY(Tx) by H'(To1) + C ey, i, 27" for all k > ko + 1, for some C' independent of k.
In other words, we want to “pay” for the length of the “new curve” I'y with the length of
“old curve” I'y_; and the sum C ZUEVk azmQ—’“. This plan works more or less, except that
more work is required to pay for an edge [v/,v"] in T’y when the vertex v" or v” is close to
a terminal vertex in Case II of the construction, because the old curve may not “span”
the new edge [v/,v"]. To handle this extra complication, we introduce a mechanism to
“prepay” length called phantom length. The idea for phantom length comes from Jones’
original traveling salesman construction (see [Jon90]).

9.1. Phantom length. Below it will be convenient to have notation to refer to the
vertices appearing in a bridge. For each extension E[k,v|, say with E[k,v] defined by
Elk,v] = U;=olvi, viy1], we define the corresponding extension index set I[k,v] by
I, 0) = {(k +i,00) -4 > 0},
For each bridge Bk, v’,v"], we define the corresponding bridge index set I[k,v',v"] by
Ik, o' 0" = Ik, V| U I[k,0"].

For all generations k > kq and for all vertices v € Vi, we define the phantom length
Prw = 3C*27F 1f Blk,v',v"] is a bridge between vertices v',v” € Vj, then the totality
Dk o Of phantom length associated to pairs in [k, v, v"] is given by

Praror = 3C% (27F 42700 1) 4 30% (278 427D ) = 120727

During the proof we will keep tally of phantom length at certain pairs (k,v) with v € Vj
as an accounting tool.

We initialize Phantom(ky), the index set of phantom length tracked at stage ko, to be
the set of all pairs (j,u) such that the vertex u € V; appears in the definition of Iy,
including all vertices in Vj, and all vertices in extensions in bridges in I'y,. That is,

Phantom (ko) := {(ko,v) : v € Vj, } U U I[kg,v',0"].
Blkov',0""|CT,
Suppose that Phantom(ky), ..., Phantom(k — 1) have been defined for some k > ko + 1,
where the index set Phantom(k — 1) satisfies the following two properties.

Bridge property: 1f a bridge B[k — 1,w',w"] is included in Ty, then
Phantom(k — 1) contains I[k — 1, w’, w"].

Terminal vertez property: Let w € Vi1 and let ¢ be a line such that
dist(y, ¢) < 2= for all y € Vi N B(w,?)OC'*Q’(k’l)).

Arrange Vj_; N B(w,30C*2~*~1) linearly with respect to the orthogonal
projection 7, onto £. If there is no vertex w’ € Vi_; N B(w, 30C*2~*~1) to
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the “left” of w or to the “right” of w, then (k — 1,w) € Phantom(k — 1).
That is, identifying ¢ with R, if

Vi1 N B(w,30C*27% D) Nt (=00, me(w))) = 0 or

Vk 1N B(U} 30C*2~ (k= 1)) N 71'6_1((7'@(111), OO)) = @,
then (k — 1, w) € Phantom(k — 1).

(Note that Phantom(k) satisfies the terminal vertex property trivially, since Phantom (k)
includes (ko,v) for every v € Vi,.) We form Phantom(k) starting from Phantom(k — 1),
as follows. Initialize the set Phantom(k) to be equal to Phantom(k — 1). Next, delete all
pairs (k—1,w) and (k,?) appearing in Phantom(k — 1) from Phantom(k). Lastly, for each
vertex v € Vi, include additional pairs in Phantom(k) according to the following rules.

e Case I: Suppose that a;, > ¢. Include (k,v’) in Phantom(k) for all vertices
v' € VN B(v,65C*27%) and include I[k,v’,v"] as a subset of Phantom(k) for every
bridge B[k, v',v"] in [y,

e Case II-NT: Suppose that oy, < e, and T'f, or '} is defined by Case II-NT.
This case does not generate any phantom length.

e Case II-T1: Suppose that ay, < ¢, and T'f, or T’ is defined by Case II-T1.
Include (k,v) € Phantom(k).

e Case II-T2: Suppose that as, < €, and Fﬁv or Fﬁ,v is defined by Case II-T2.
When I'?_ is defined by Case II-T2, include I[k, v, v;] as a subset of Phantom (k).
When FL is defined by Case II-T2, include I[k, v_1,v] as a subset of Phantom(k).
In partlcular note that (k,v) is included in Phantom(k).

The phantom length associated to deleted pairs will be available to pay for the length of
edges in I'y near terminal vertices in V; and to pay for the phantom length of pairs in
Phantom(k) \ Phantom(k — 1).

It is clear that Phantom(k) satisfies the bridge property. To check that Phantom(k)
satisfies the terminal vertex property, let v € V;, and let £ be a line such that

dist(v, £) < 27" for all y € Vi N B(v,30C*27%).

Identify ¢ with R and arrange Vj, N B(v, 30C*27%) linearly with respect to the orthogonal
projection 7, onto /. Assume that there is no vertex v’ € Vi, N B(v, 30C*27%) to the “left”
of v or to the “right” of v with respect the ordering under m,. If ay, > €, then (k,0)
was included in Phantom(k) for every @ € Vj, N B(v,65C*27%). In particular, (k,v) is in
Phantom(k). Otherwise, if ay,, < &, then Vi, N B(v, 30C*27%) is also linearly ordered with
respect to the orthogonal projection onto ¢j,. By Lemma 8.3, the two orderings agree
modulo the choice of orientation for ¢ and ¢ ,. In this case, the assumption that there is
no vertex v’ € Vi N B(v,30C*27%) to the “left” of v or to the “right” of v translates to the
statement that ', or T'f, is defined by Case II-T1 or Case II-T2, whence (k,v) was
included in Phantom(k:) Therefore, Phantom(k) satisfies the terminal vertex property.
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FIGURE 9.1. Possible location of future vertices nearby a bridge Blk, v, v”|
included in I'}}, (Case II-T2) shaded in yellow, rescaled so that 27% = 1.

9.2. Core of a bridge. For every bridge B[k,v’,v"] between vertices v',v" € Vi, we
define the core C[k,v’,v"] of the bridge to be

Clk,v', 0" = %[v’,v"].
That is, Clk,v’,v"] is the interval of length 9/10 of the length of [v/, v”] that is concentric
with [v,0"]. Because H'(Blk,v',v"]) > 30C*27* for any bridge B[k,v’,v"] included in
the construction, the corresponding core has significant length:

(9.1) HY(Ck, o', 0"]) > 27C*27F,

For all k > ko +1, let Coresjr(k) denote the set of cores C[k,v’, v"] of bridges B[k, v’, v"]
between vertices v',v" € Vj, that were included in 'y in Case II-T2 for some '}, or T'f .
We claim that cores in Uj’;ko .1 Coresy;(j) are pairwise disjoint. To see this, suppose that
Clk,v',v"] € Coresy (k) and Clj,w’,w"] € Coresy(j) for some j > k > ky + 1. Because
the bridges Blk,v’,v”] and B[j,w’, w"] arise in Case II-T2 of the construction, we have

(9.2) 30C*27F < |v/ — "] < 64C*27% and 30C*277 < |w' — w"| < 64C*277,

where the upper bounds follow from the bound |w,, — wy 41| < 30C*2- (=1 appearing
in Case II-T2 of the definition of I'Y,. Now, by (Vi), V; N B(v',64C*27%) is contained
in a C*27% neighborhood of vertices in Vj, N B(v', 65C*27%) (see Figure 9.1). Suppose to
get a contradiction that C[k,v’,v"] and C[j, w’,w"] are distinct cores that intersect. Note
that the intersection of the cores implies that the two end points w’ and w” of B[j, w', w”|
lie in opposite shaded regions in Figure 9.1. There are now several cases to consider, but
we can reach a contradiction in each one. First, if j > k 4 2, then the intersection of
Clk,v',v"] and C[j, w',w"] implies (by length considerations, see (9.2)) that w’ or w” lies
in the empty space of the figure, where no vertex exists. Next, if j = k£ + 1, then the
intersection of the cores would imply that [v, v"] is included as an edge in Ty, violating the
bound |v' — v"| > 30C*27%. Lastly, if j = k, then the intersection of the cores contradicts
that fact that v is terminal in the direction from v’ to v” and w’ (or w”) is terminal in
the direction from w’ (w”) to w” (w'). We leave the details to the reader.

9.3. Proof of (8.6). In this section, we break up the proof of (8.6) into two estimates.
To state these, we first introduce some useful notation.
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e Let Edges(k) denote the set of all edges [v/,v"] included in T'.

e Let Bridges(k) denote the set of all bridges B[k, v’,v"] included in T'y.

e Let Phantom(k) denote the index set of phantom length, defined above in §9.1.

o Let Coresy (k) denote the set of cores Clk,v',v"] of bridges B[k, v’,v"] between
vertices v/, v” € Vj, that were included in 'y, in Case II-T2 for some I'ff, or I'; .
See §9.2 above.

To establish (8.6), it suffices to prove first that

Z 7—[1([1}', U”]) + Z Hl(B[k‘o,'UI,UH]) + Z Dju

(93) [v' v""]€Edges(ko) Blko,v’ ,v""|€Bridges(ko) (j,u)ePhantom (ko)
< 027k

and second that, for all £ > ko + 1,

(9.4)
Yoo HA(W )+ > H (Bl 0D+ D b
[v/,v"]€Edges(k) Blk,v’ ,v""|€Bridges(k) (j,u)EPhantom(k)
< > H([w',w"]) + > Pju
[w’ ,w'"]€Edges(k—1) (j,u)€Phantom(k—1)
25
2 o—k 1 AW/
—l—CZaMZ +2—7 Z H(Clk,v',0")),
vEVY C[k,v' w'"]eCoresyr (k)

where C' denotes a constant depending only on n and C*. To see this, let k£ > kg + 1.
Then, by (8.8),

H(T< > H (WD > HY(B[j,w', w"]).

[v’ v'""]€Edges(k) j=ko B[j,w’,w'"]|€Bridges(j)

Iterating (9.4) a total of k — ko times, we obtain

HTH< Y H(W D+ > ! (Blko, v', v"])
[v’,v""]€Edges(ko) Blko,v' v""]€Bridges(ko)
k
Y ey S
(j,u)€Phantom (ko) Jj=ko+1ueVj

25 o
+§ Z Z HI(C'[j,w’,w"]),

j=ko+1 Clj,w’,w'|€Coresy (j)
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where C' depends on at most n and C*. Since the cores in Ul?_k
J=ko+1

disjoint (see §9.2) and belong to I'; (see (8.8)), it follows that

H ()< > HA(W.O)+ > H'(Blko, v',0"])

Coresyy(j) are pairwise

[v/,v""]€Edges(ko) Blk,v' v'"]€Bridges(ko)
: 25
2 -7 1
+ ' Z pj7u+C"Z Zaj,uQ J+2—7H (T'y),
(j,u)€Phantom(kq) Jj=ko+1ueV;

where C' depends on at most n and C*. Therefore, by (9.3),

k
H (T <C|24 > Y a2 27| forallk>ko+1,

Jj=ko+1 UGVj
where C' depends on at most n and C*. This shows that (8.6) follows from (9.3) and (9.4).
9.4. Proof of (9.3). Let us start with a few preliminary observations. In the curves
Thos Tkot1, - - -, an edge [0/, 0"] is included for some v, v” € Vj, only if
lv — | < 30C*27F,
while a bridge B[k, v’,v"] is included for some v, v” € V}, only if
30C*27F < o' — "] < 130C*27*.
Moreover, the lengths of extensions are controlled by (Vy7): For all k > ky and v € V,
H(E[k,v]) < 2C*27%. Thus, if B[k,v’,v"] is included in some curve, then
H (Blk,v',v"]) < HU(E[k,V]) + H ([, 0"]) + H (E[k, "))
<ACT27F - HY (W ") < LUAH (W', "),

Recall that kg > 0 was defined to be the least index such that #V), > 2 for all k£ > k.
Hence, by V), there exists yo such that Vi, € B(yo, C*27%) (where yo = ¢ if ko = 0).
On one hand,

H([v',0v"]) < diam B(yy, C*27%0)
for each edge [¢v/,v"] in I'y,. On the other hand,
H' (Blko,v',v"]) < 1.14 diam B(y,, C*27*)
for each bridge Blko,v’,v"] in T'y,. Since #Vi, = #(Vi, N B(yo, C*27%0)) <, o« 1 by (V7),
it follows that
> AW+ > HABlke v ) Saes 27
[v/,v""]€Edges(ko) Blko,v’ v""]€Bridges(ko)

Also, since #Vi, Spo+ 1, the total amount of phantom length associated to Phantom (ko)
can be estimated by

Z Dju < Z Pkov + Z Do v v ,Sn,C* Qiko_

(j,u)€Phantom (ko) vEVE, v/ "€V,

Combining the previous two displayed equations yields (9.3).
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9.5. Proof of (9.4). Edges and bridges forming the curve I'y and “new” phantom length
associated to pairs in Phantom(k) \ Phantom(k — 1) may enter the local picture Iy, of I,
near v for several vertices v € V, but only need to be accounted for once each to estimate
the left hand side of (9.4). We prioritize as follows:

1. Case I edges, Case I bridges, Case I phantom length;

2. Case II-T1 phantom length and (parts of) edges that are nearby Case II-T1
terminal vertices (where here and below nearby means distance at most 2C*27%);

3. Case II-T2 bridges, Case II-T2 phantom length, and (parts of) edges that are
nearby Case II-T2 terminal vertices;

4. remaining (parts of) edges, which are necessarily far away from Case I vertices
and Case II-T1 and Case II-T2 terminal vertices.

First Estimate (Case I): Suppose that ay, > . Abbreviate B(v,65C*27%) =: By,,.
Since # (Vi N Biw) Snox 1 by (Vr), € < agy, and € 2 1, it follows that

> H(W )+ > HY(BlE,v', ")) Snow 275 Spev 0l 27"
UI,UHEVkmBk7U v’,v//EVkﬁBk’v

[v’ v'""]eEdges(k) Blk,v' v'""|€Bridges(k)

Similarly, the total amount of phantom length associated to I'y, does not exceed

Z Picv’ + Z Pk’ v §n,C* 2_k SH,C* ai7v2_k'
v'€VENBy o o/ W €VENBy,
v/ —v"’|>30C* 2~k

Second Estimate (Case II-T1): Suppose that ay, < € and v is terminal to the right
with alternative T1. (The case when v is terminal to the left is handled analogously.)
Because alternative T1 holds, the terminal vertex property ensures that (k — 1,w,,) €
Phantom(k — 1), where w,,, is the rightmost vertex in V;_; N B(v, C*2~*~1). Use half of
the phantom length pi_1 4, , = 3C*2~(=1) to pay for the phantom length pj, = 3C*27.
Use the other half of py_1.,, to pay for edges or parts of edges in I'y N B(v,2C0*27%),
which by Lemma 8.3 is less than 3C*27% as (1 + 3¢%)2 < 3. That is,

Pro + Z H' ([, 0"] N B(v,2C*27%)) < pr_1,0,.,.-
[v’ v'""]€Edges(k)

A degenerate case may occur if w,, € V;_; is simultaneously terminal to the left and
to the right (that is, if no edges in I'y_; emanate from w,,), but v is not terminal to
the left. Let v; be the leftmost vertex in Vj N B(v, 30C*27%) relative to the projection
onto ¢ ,. Then v; and v are distinct, because v is not terminal to the left. Assume that
Qi < € (otherwise, everything is paid for by the previous set of estimates). Then v; is
terminal in the direction away from v with alternative T'1. This situation is degenerate,
because the phantom length py_; ., is not enough to pay for py., pr.,, and the edges
connecting v; and v. We handle this as follows. First, note that |v; — v| < 2C*27F,
because w, , € B(v;, C*27%) N B(v,C*27%) by (Vj7). In particular, since (1 4 3£%)2 < 3,
the length of edges connecting v and v; is less than 3C*27% by Lemma 8.3. Secondly,
because #Vj_1 > 2 and I';_; is connected, w,, must belong to an extension E|[j, '] of a
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bridge B[j, v, u"] included in I'; for some ky < j < k — 1 and some v/, u” € V;. Let ¥ be
the unique point in Vi N E[j,4]. By the bridge property, (k,?) € Phantom(k — 1). Then

Prw + Prw, + Z H' ([0, 0") N B(v,2C*27%)) < provw,, + Drs-
[v’v"]eEdges(k)

Third Estimate (Case II-T2): Suppose that ay, < € and v is terminal to the right
with alternative T2. (The case when v is terminal to the left is handled analogously.)
Write v; € Vi, and w,,, wy 41 € Vi1 for the vertices appearing in the definition of Fﬁv.
In this case, we will pay for p.,.,, the length of the bridge B[k, v, v;], and the length of
edges in 'y N B(v,2C*27%) and T, N B(vy,2C*27%). Assume that ., < € (otherwise,
everything is paid for by the first set of estimates). In §9.4, we noted that

HY(Blk,v,v1]) < 4C*27% + H([v,v1]).
Because |v — w,,,.| < 20*27% and |v; — w,, 41| < 2C*27% it follows that
H' (Blk,v,v1]) <4C*27% + H' ([v,v1]) < 8C*27% + H ([wyr, Wy r11])-

The totality pg.., of phantom length associated to vertices in B[k, v,v,] is 12C*27*.
Finally, since ay, < € and ay,, < €, the total length of (parts of) edges in

[ N (B(v,2C*27%) U B(vy,20*27%))
does not exceed 5C*27* by Lemma 8.3 since (1 + 3¢?)2 < 2.5. Altogether,
H (Bl vo) + oo+ 3 H (1000 (B0, 20274 U Bloy, 207274)))

[v’ v"]€Edges(k)
1 *y—k .1 1 25 1
S H ([wv,ra wv,r-l—lD + 250 2 S H ([wv,m wv,r—i—l]) + 2_77-[ (C[k> v, Ul])?

where [w, ., w, 1] € Edges(k — 1) and C[k, v, v;] € Coresy (k).

Fourth Estimate (Case II-NT): Let [0/, v"] be an edge between vertices v', v" € Vi,
which is not yet wholly paid for. Then oy, < ¢ and oy, < €. Let [¢/,u”] be the largest
closed subinterval of [v/,v”] such that u' and u” lie at distance at least 2C*27% away from
Case II-T1 and Case II-T2 terminal vertices (see Figure 9.2). By Lemma 8.3,

H([u' ") < (1 + 3o )1 (e (0), T (u”)])
< HM ([Mpr (W), T (W)]) + 90C* 0 i 27F.
Without loss of generality, suppose that u’ lies to the left of «” relative to the order of
their projection onto ¢ .. Let 2’ denote the first vertex in V, N B(v/, 65C*27%) to the left
of v’ (relative to the order of their projection onto ¢, ) such that
7Tk71,/(2l> < Wk,v/(u/) —C* 27k,
Let 2" denote the first vertex in Vi, N B(v,65C*27%) to the right of «” (relative to the

order of their projection onto ¢,/ ) such that

7Tk,v/<uﬂ) + C*Q_k < 7Tk7U/(ZH).
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* o -k
/ZC 2
-
w"=z"
\Fk./;\\.'./, W"

F1GURE 9.2. The points ¢/, 0", v/, u”, 2", 2", w',w” in the Fourth Estimate,
displayed with v non-terminal and v” Case II-T1 terminal to the right.
The shaded yellow box represents 7, ([, (1), 7p 0 (u”)]).

The vertices 2’ and 2” exist, because v’ and u” stay a distance of at least 2C*27* away
from Case II-T1 and Case II-T2 terminal vertices and oy v < €. By (Virr), we can find
w',w"” € Vj_y such that [w' — 2| < C*27% and |w” — 2"| < C*27*. Tt follows that

T (W) < T (W) < T (U”) < g0 (W").

Since |2/ — v/| < 30C*27%, |/ — "] < 30C*27%, and |v" — 2| < 30C*27%, there exists
a sequence of edges in I'y_; N B(v',65C*27%) connecting w’ and w” in T'y_y by (V).
Hence we can pay for H*([my. (u), 7w (u”)]) using the portion of (edges in) the curve
['—1 N B(v',65C*27%) that lies over the line segment |7y, ./ ('), Tg o (u”)]. Thus,

H ([, u"]) < H (B (V) N w,;}),([wk,v, (W), T (u”)])) + 906’*&2’”,2_’“,

where E;_1(v') denotes the union of edges in I'y_; between vertices in V;,_;NB (v, 65C*27F).
All that remains is to estimate the length of overlaps of sets of the form

S [t u"] = By 1 (0) Oy ([ (u'), i (u”)]).

Since Sk [/, u"] C Sk [V, v"], it clearly suffices to estimate the length of the overlaps
of sets Sk [v',v"]. Suppose that v,v',v” are consecutive vertices in Vj, N B(v',65C*27F)
such that v, v/, and v lie at distance at least 65C*27 from Case I vertices and distance
at least 2C*27% from Case II-T1 and Case II-T?2 terminal vertices. We will show that

(9.5) ’Hl(Sk,v[v, VN Sy [V, 0"]) < 400%27%, o= max{ag y, Qo }-

To start, let ¢; and /¢ be lines chosen so that ¢; is parallel to ¢ ,, {5 is parallel to ¢y,
and ¢; and /5 pass through v'. Note that, by the triangle inequality,

(9.6)  dist(z,4;) <2a27% forall z € (Vi UV,) N B(W,65C*27%) and i € {1,2}.

Let m; denote the orthogonal projection onto ¢; and let N; denote the closed tubular
neighborhood of ¢; of radius 2a27". Also let Ey_1(v,v') := Ex_1(v) N Ep_1(v). By (9.6),
Skwv, 0] N S [V, V"]
(9.7) C Ep1(v,) Ny ([m(w), 7 (0)]) N Ny Nyt ([ma(v)), wo(0™)]) NNy
=: Ep_1(v,0)NS.
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S
’LOK'IK 2002

FIGURE 9.3. Inside the 2-plane containing the lines ¢; and {5, the diamond-
shaped region S is the union of two congruent triangles. The length of the
red shadow 7(S) is no greater than 200227,

Since 2« < 1/16, Lemma 8.3 implies that

(9.8) HY(Ej_1(v,0") N S) < (14 3(20)))H (11(9)) < 2H (m1(9)).
Let 6 be the angle subtended by ¢; and /5 (see Figure 9.3). By Lemma 8.3 (8.5), we have
cos(0) ! 1 —48a* > 0.

> — >
1+ 12(2a)? —

Hence 1 — sin?(f) = cos?(#) > 1 — 96a2. In particular, we obtain sin(f) < v/96a < 10a.
Thus, by elementary geometry,

(9.9) H (71(9)) < 2027 Fsin(h) < 200227

Combining (9.7), (9.8), and (9.9) establishes (9.5).
Carefully tallying the four estimates above, one obtains (9.4).

APPENDIX A. PROOF OF LEMMAS 8.2 AND 8.3

The proof of Lemma 8.2 uses elementary properties of excess and Hausdorff distance;
for a comprehensive reference, we recommend the monograph [Bee93| by Beer.
Recall that for nonempty sets S, 7 C R", the excess ex(S,T) of S over T is defined by

S, T) := inf |s — ¢
ex(5,T) iﬁg%'s |

and the Hausdorff distance HD(S,T) between S and T is defined by
HD(S,T) := max{ex(S,T),ex(T,S)}.

The excess satisfies the triangle inequality in the sense that ex(S,7) < ex(S,U)+ex(U,T)
for all nonempty S, 7,U C R". The set of nonempty compact subsets of R™ equipped
with the Hausdorff distance is a metric space. Thus, when restricted to the nonempty
compact sets, we may refer to the Hausdorft distance as the Hausdorff metric.
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Proof of Lemma 8.2. Let n > 1, C* > 1, and ry > 0. Assume that V,, Vi, V5, ... is
a sequence of nonempty finite subsets of a bounded set B satisfying condition (Vi) of
Proposition 8.1. Because B is compact and (Vi)%2, is a sequence of closed subsets of B,
there exist a subsequence (ij );";0 and a closed set V' C B such that Vi, converges to V'
in the Hausdorff metric as 7 — oo by Blaschke’s selection theorem (e.g. see [Rog98, p. 90]
or [Bee93, §3.2]). By iterating (Vi7), we obtain that for any k; < k < kj1q,

ex(Vi, Vi;) < Cr(2~®HD o 497 Ryy < C*27%ry  and
ex(Vi,rs Vi) < Cr(2=+D oo 97kin ) < CF2 Ry,
Thus, by the triangle inequality for excess,
ex(Ve, V) < ex(Vi, Vi) + ex(V4,, V) < C*27%rg + HD(V;,, V)  and
ex(V, Vi) < ex(V, Vi) + ex(Vi,,,, Vi) < HD(V, Vi) + C*2 7 Frg.

+19

Therefore,

HD(V, V) < C*27%ry + max {HD(V4,, V), HD(V, Vi,,,) }
whenever k; < k < kj1. We conclude that the whole sequence Vj, converges to V' in the
Hausdorff metric as k£ — oo. O

The proof of Lemma 8.3 that we give uses the area formula for Lipschitz graphs; for a
nice presentation, see §3.3 of the book [EG15] by Evans and Gariepy.

Proof of Lemma 8.3. Let V. C R"™ be a 1-separated set with at least two points. Assume
that there exist straight lines ¢; and ¢, in R" and a number 0 < a < 1/16 such that

dist(v,4;) < a forallv eV andi=1,2.

Let m; denote the orthogonal projection onto ¢;. Let m;- denote the orthogonal projection
onto an orthogonal complement of ¢;. For any distinct pair of points vy, v € V,

1< Jor = wof® = |mi(v1) — mi(va) | + |77 (1) — mi(0) [P < Jmilvr) — mi(wa)]? + 4a®,

because V is 1-separated and the distance of points in V' to ¢; is bounded by «. Hence

(Al) ’7'('1'(1}1) — 7TZ'<U2)‘2 Z ‘Ul — 1}2’2 — 4&2 2 1— 4062.

It follows that V belongs to the graph of a piecewise linear function g; : £; — ¢ such that
2c0

V1—4a2
By the area formula for Lipschitz maps, for any line segment [ug, us] in the graph of g;,

H' ([ug, ug]) :/ 1+ Vg2 dH

[mi(u1),m; (uz2)]

IVilloo <

Since v1+ 22 <1+ %xQ for all z € R, we conclude that

H ([uy, us)) S/

[mi(u1),m (uz2)]

20/
1 —4a?

(1+3/Vgl?) an' < (1 + ) H ([mi(un), mi(uz)])

for all [Ul, UQ] Q [Ul, UQ].
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Because dist(v,¢;) < « for all v € V and ¢ = 1,2, we can find points 21, 2z € f5 such
that |21 — 23] > 1 — 2« and dist(z;, ¢1) < 2a for i = 1,2. Thus, by analogous computation
with 8 = 2a/(1 — 2a) in place of a,

W (n]) < (14 120 ) o) )

for all [?/1, yg] Q 62.
Now, since 0 < o < 1/16,

202 128 2 16 1
< 2 2 = < —a< = d
[ dz S @™ <% Py s7ess a
23 98 , 512 , )
AT PO 02 0 9,2
=5 =SB «

This establishes (8.4) and (8.5).

Finally, suppose that there exist identifications of /; and ¢ with R and distinct points
v, v, v" € V such that m(v) < m(v') < m(v"), but m(v') < me(v) < m(v”). By (A.1),
for any distinct w,w’ € V and i € {1,2} such that m;(w) < m;(w’), we have

(A.2) lw' —w| > m(w') — m(w) > /|w — w|? —4a? > |w’ — w| — 2a > 0.875,

where the last two inequalities hold since b < 2a+ v/b? — 4a? for all 0 < 2a < b, 0 < 2a <
1/8,and 1 < |w' — w|. Set

ri=v—=21, y:=pP"=7|, and z:=]" -0

On one hand, since m(v) < m(v") < m(v"), we have z =~ x + y. On the other hand,
since mo(v') < ma(v) < ma(v”), we have y = x + 2. Hence z ~ z + 2z, which yields a
contradiction if « is sufficiently small. More precisely, by repeated application of (A.2),

z>rx+y—4a>2x+ z—8a > 1.75+ z — 8a.

Hence 1.75 < 8a < 1/2 (since a < 1/16), which is absurd. We conclude that under
any choice of identifications of ¢; and ¢ with R, either m(v) < m(v') if and only if
mo(v) < mo(v') for all v,v" € V, or m(v) < m(v') if and only if me(v) > ma(v') for all
v,v" € V. In particular, one can always choose compatible identifications of ¢; and /5
with R such that m(v") < my(v”) if and only if mo(v") < ma(v”) for all v/, 0" € V. O
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